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Earlier sum frequency generation (SFG) experiments involve one infrared and one
visible laser, and a measurement of the intensity of the response, yielding data on
the surface sensitive properties of the sample. Recently, both the real and imaginary
components of the susceptibility were measured in two different sets of experiments.
In one set, a broadband infrared laser was used, permitting observations at very short
times, while in another set the infrared laserwas narrowband, permitting higher spectral
resolution. The differences in the spectrum obtained by the two will be most evident
in studying narrow absorption bands, e.g., the band due to dangling OH bonds at
a water interface. The direct comparisons in the integrated amplitude (sum rule) of
the imaginary part of the dangling OH bond region differ by a factor of 3. Due to
variations in experimental setup and data processing, corrections were made for the
quartz reference, Fresnel factors, and the incident visible laser wavelength. After the
corrections, the agreement differs now by the factors of 1.1 within broadband and
narrowband groups and the two groups now differ by a factor of 1.5. The 1.5 factor
may arise from the extra heating of the more powerful broadband laser system on the
water surface. The convolution from the narrowband SFG spectrum to the broadband
SFG spectrum is also investigated and it does not affect the sum rule. Theory and
narrowband experiments are compared using the sum rule and agree to a factor of 1.3
with no adjustable parameters.

sum frequency generation | phase sensitive | PS-SFG | molecular dynamics simulation | SFG

Sum frequency generation (SFG) has been widely used for investigating the interfacial
structures and dynamics of physical, chemical, and biological systems for more than three
decades (1–7). In the SFG experiments, an infrared (ir) pulse and visible (vis) pulse are
focused on the surface simultaneously. The output signal is collected at the sum frequency
in the direction that conserves the momentum of the three optical fields involved (1, 8).
The intensity of the SFG spectrum is proportional to the square of the second order
nonlinear susceptibility, yielding a spectrum termed the intensity spectrum (9, 10).

During the SFG process, three dipole moments are involved due to the three laser
pulses. The product of the three dipole moments is ensemble averaged. For centrosym-
metric systems, the product of the three dipole moments contains plus and minus signs.
After ensemble averaging, the resultant signal is zero. For noncentrosymmetric systems,
such as quartz crystal and water surface, the SFG signal can be observed (1, 2).

Among these SFG experiments and theories, the water surface has served as a model
system for comparisons and calibrations for both experiments and theories (10–17).
Interest in the water surface is also related to the phenomenon of “on water” catalysis,
where the dangling OH bonds at a water surface have the ability to form a hydrogen bond
with a suitable organic molecule and catalyze certain organic chemical reactions (13, 18).

Besides the absolute intensity of the SFG spectrum, the real and imaginary parts of
the SFG spectrum can be detected as well. In principle, the real and imaginary parts
for each mode in the spectrum resulting from the homogeneous and inhomogeneous
contributions can be extracted by using a fitting process, where both Lorentzian and
Gaussian lineshapes are involved (19). However, for some systems, the results of the
fittings do not reflect the actual distribution of the dipole moment orientation of the
surface molecules and may provide misleading information and need correction for
various factors (20). The phase information of the SFG spectrum has several advantages:
1) It can distinguish between the “up” and “down” orientation of molecules or functional
groups at interfaces. 2) Compared with the intensity spectrum it can help distinguish
between resonant peaks and nonresonant backgrounds. 3) Phase-sensitive SFG (PS-SFG)
spectrum can be used for quantitative spectrometric experiments because the signal is
proportional to the density or concentration of surface molecules (3, 7).
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In the PS-SFG experimental arrangement, a collinear beam
geometry of the incident ir and vis pulses is used. With the
aid of a silica phase modulator, both the amplitude and the
phase of the SFG spectrum can be measured (21–23). Several
scans are then performed when measuring the phase for each
data point. Another way of obtaining the phase information
and the absolute intensity utilizes a noncollinear experimental
arrangement, termed heterodyne-detected vibrational SFG (HD-
SFG) (15–17, 24–26). In HD-SFG experiments, the incident
pulses have different angles or collinearly with respect to the
surface normal of the sample. The SFG pulse from the sample
passes through a silica plate to construct a time delay relative to
the incident ir and vis pulses. Then, the SFG signal is derived
by applying a filter function to the whole signal which has the
ir, vis, and SFG pulses. After a Fourier–Laplace transformation
of the time-domain SFG signal, the frequency domain complex
SFG spectrum can be derived. The differences in the spectrum
obtained by the two methods will be most evident in the
study of narrow absorption bands, for example, the band due
to dangling OH bonds at a water interface. Additionally, the
measurements of the real and imaginary parts of the SFG
susceptibility of an air/water surface using narrowband and
broadband infrared lasers for the integrated susceptibility initially
appear different from each other as described later. We introduce
corrections for the differences in experimental conditions of
the different experiments. We then compare these corrected
integrated amplitudes with that calculated using the potential
energy function in the literature.

From a theoretical point of view, the SFG spectrum is
a second-order susceptibility that arises from the interactions
between the incident electric fields and the molecules. Both
the real and imaginary parts of the appropriate susceptibility
can be obtained using the Fourier–Laplace transform of a time-
correlation function (11, 14, 16, 17, 27–33). Often, the water
structures for deriving the susceptibility are calculated using a
molecular dynamics (MD) simulation. In the MD simulation,
ways of treating the OH bond vibrations are typically of two
types: the flexible water model and the rigid water model. In the
first type, the OH bond length in a water molecule varies during
the MD simulation. One then sees the stretching and bending
motions (6, 27–29, 31). For the second type of calculation, the
internal structure of the water molecule is treated as fixed and
the relative position of each atom in a molecule remains the same
during the MD simulation (11, 14, 34–36). The local OH bond
vibrational features are identified in the latter case by using a
frequency-local electric field map. Generally speaking, most of
these two water models are able to reproduce the main features
of the SFG spectrum, i.e., a broad peak near 3,400 cm−1 and a
narrow peak near 3,700 cm−1. However, the rigid water models
associated with the local electric field maps have a better signal
to noise resolution for the dangling OH bond peak of the SFG
spectrum. We use the rigid water model in our investigation.

Sum rules can be used to check the consistency between theory
and experiment (37–40). They are independent of dynamics
and so do not test the latter and so are structure-focused.
The consequence for the sum rule of the SFG spectrum was
investigated in ref. 39 assuming a Lorentzian oscillator model.
However, the sum rule of the SFG second-order effective
susceptibility for a general lineshape and susceptibility has not
been studied yet. We focus on this topic in the present study,
and in particular for the sum rule of the dangling OH bond peak
in the sum frequency generation spectrum, as a way of checking
the methods for the agreement of the different experiments and
as a way of checking of the approximation of the theory.

The paper is organized as follows: The basic procedure for
deriving the SFG experimental data and the theory on the sum
rules for both the real and imaginary parts of the SFG second-
order susceptibility are reviewed and described in Section 1. The
results of the corrections of the experimental spectra and the
theoretical investigations are given in Section 2. The agreement
among experimental measurements and the agreement between
theory and experiments are discussed in Section 3 based on the
sum rule. The concluding remarks are given in Section 4.

1. Theory
1.1. Theory for Processing the SFG Experimental Data. To study
the connections between the PS-SFG and HD-SFG spectra,
we first give an overview on how the experimental data were
processed. The effective SFG susceptibilities are derived as follows
(12, 15, 23, 26). After detecting the SFG signal from the water
surface, the SFG spectrum for the quartz reference for the same
experimental arrangement is then measured. One obtains the
ratio between the SFG spectra from the water surface and the
quartz. The absolute amplitude of the SFG spectrum for the
water surface is then derived by taking the product of the ratio
and the susceptibility of the quartz reference. The susceptibility
of the quartz reference, �(2)

q,eff,ssp(!), can be calculated as refs.
10, 41, 42

�(2)
q,eff,ssp(!) = cos �2Lq,yy(!)Lq,yy(!1)Lq,yy(!2)�qlc , [1]

where the Lqs are the Fresnel factors of the quartz for the electric
fields. !, !1, and !2 are angular frequencies for output, vis, and
ir pulses, respectively. The corresponding wavelengths are �, �1,
and �2. �, �1, and �2 are the angles that the output, vis, and ir
pulses make with the surface. �q is the nonlinear coefficient for
the second harmonic generation of the reference quartz. lc is the
effective coherence length for the reflected SFG spectrum. Lq,yy
and lc can be calculated using the equations in refs. 41 and 43.

In SFG experiments, for each of the three pulses, there are
two independent linear polarizations, s and p, and any other
linear polarization is the linear combination of the two. The
s-polarization represents light whose electric field is perpendicular
to the plane of incidence, which is the plane that contains the
surface normal and the propagation vector of the incoming
radiation. The p-polarization represents light with its electric
field along the plane of incidence (44). The total number of
polarization combinations is 2 × 2 × 2 = 8 for the SFG process.

It is possible to categorize these eight polarization combi-
nations into three groups according to the number of the
s-polarization in each process. The processes with an odd number
of s-polarization, such as spp, psp, pps, and sss, can detect the
structure of surface chirality and the rubbed surface, because the
s-polarization is sensitive to the dipole moment along the surface
(41, 42, 45–48). These combinations can be used to study the
chiral structures at the surfaces.

The polarization combinations having two ss, for example,
ssp, sps, and pss, could be used for the surface structure of
nonchiral systems, such as the air/water interface (12, 41, 49–52).
These combinations are less sensitive to chirality, and can be
used to study nonchiral surfaces. The ppp process, where no
s-polarization is involved, can detect both chiral and nonchiral
systems. It has more or less equal dipole moment contributions
along the surface and perpendicular to the surface and it can be
used together with other polarization combinations for a detailed
understanding of the surface information (12, 41, 49–52).
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The ssp polarization combination denotes that the SFG, vis,
and ir pulses are s, s, and p polarized, respectively. In this process,
the ir pulse with p polarization comes to the surface, where
coherence, a transition between the ground and first excited
vibrational levels, of the OH bond perpendicular to the water
surface is initiated, followed by the s polarized vis pulse (2). In
ssp, one observes the output SFG pulse with the s polarization.
The symmetry created by this specific polarization combination
allows for the detection of the hydrogen bond network for water
surface with high sensitivity (12).

The effective susceptibility, �(2)
eff,ssp(!), for the surface is given

by refs. 41 and 43

�(2)
eff,ssp(!) = L �(2)

yyz (!), [2]

where �(2)
yyz is the molecular susceptibility. The yyz is explained

in detail in Section 2B. The total Fresnel factor, L , represents

L = Lyy(!)Lyy(!1)Lzz(!2) sin �2, [3]

where L denotes the Fresnel factor for the respective electric field.
The effective susceptibility, �(2)

eff,ssp(!), is affected by the
background noise factor, �B, in the experimental measurement,
the quartz reference factor, �q, the total Fresnel factor ratio, �F ,
and the factor of the wavelength of the vis pulse, ��1 . One can
introduce � ′(!) to correct for those effects and so check the
agreement among experiments. � ′(!) is given by.

� ′(!) = �(2)
eff,ssp(!)�B�q�F ��1 . [4]

The background noise often refers to a constant contribution
to a measured signal and we refer it to a factor, �B, for
convenience. It is a subtractive rather than a multiplication but
can be written in terms of the latter.

The lineshape of the vis pulse may affect the lineshape of the
observed SFG susceptibility as well. In broadband SFG spectrum,
a Gaussian lineshape laser pulse in the frequency domain is
expressed as

E(!) = E0e−�(!−!
†)2

, [5]

whereE0 and!† are the amplitude and the center frequency of the
laser pulse, respectively. The linewidth measured by the energy of
the laser pulse is

√
2 ln 2/�. The SFG spectrum from a broadband

vis laser pulse involves the measurement of the intrinsic lineshape
of the second-order susceptibility, �(2)

0 (!), using a broadband
laser. The �(2) can be expressed as the convolution of the laser
field E with �(2)

0 (!) (2, 4)

�(2)
1 (!) =

∫
∞

−∞
d!′�(2)

0 (!′)E(!− !′)∫
∞

−∞
d!′E(!′)

, [6]

where the intrinsic lineshape of the second-order susceptibility
can be seen in the narrowband SFG spectrum. Then, the
lineshape of the broadband SFG spectrum can be derived using
Eq. 6, and conversely. However, in reality, the SFG spectrum
with narrowband vis pulse yields more detailed features of the
surface information than the corresponding broadband SFG
spectrum, due to high signal to noise resolution (53). Eq. 6

provides the lineshape resolution among various inputs of the
visible pulse width. As the electric fields are shown in both the
numerator and the denominator, we show that the convolution
process does not affect the integrated amplitude of the spectrum,
c.f. SIA.

1.2. Theory for the Computation of the Second-Order Molecular
Susceptibility. The calculation of the susceptibility of the SFG
spectrum from dangling OH bonds is described in the literature
(12, 29, 35, 54, 55). In this section, we present a brief description
of the relevant equations and obtain the sum rule for the SFG
spectrum.

Similar to the dipole–dipole time correlation function for
the ir spectrum, (56) the time-dependent correlation function
for the sum frequency generation has the dipole moment and
polarizability matrix elements from the same molecule and the
terms from different molecules (cross terms). The total second-
order susceptibility, X (2)

ijk (!), in the frequency domain can be
expressed as (2, 35)

X (2)
ijk (!) = −

1
2��0kBTA

∫
∞

0
e−i!t〈aij(0)�̇k(t)〉dt, [7]

where the �0, kB, and T are the electric permittivity of free space,
the Boltzmann constant, and the temperature, respectively. A
is the illuminated surface area. aij and �k represent the bond
polarizability and dipole moment matrix elements. Integration
it by parts and yields two terms, one is a constant background
term, �(2)

c , and the other is a frequency-resolved term, �(2)
ijk (!).

It can be expressed as

X (2)
ijk (!) = �(2)

c + �(2)
ijk (!), [8]

where

�(2)
c = −

1
2��0kBTA

〈aij(0)�k(0)〉 [9]

and

�(2)
ijk (!) = −

i!
2��0kBTA

∫
∞

0
e−i!t〈aij(0)�k(t)〉dt. [10]

For a dangling OH band, the �k(t) oscillates with a narrow
range of frequencies centered at !0, 3700 cm−1. Accordingly,
integrating both sides of Eq. 10 ! from -∞ to∞ and replacing
the ! in the pre-exponential factor by !0 yields a Dirac �(!)
function. The error is perhaps 1% or less. One then obtains∫

∞

−∞

d!�(2)
ijk (!) = 2�i!0�

(2)
c . [11]

Seen from Eq. 11, the sum rule of the SFG spectrum for the
OH found in dangling OH shows that the integrated signal for
the frequency-resolved second-order susceptibility term is not
affected by the system dynamics, as is always the case for sum
rule.

Expanding Eq. 10 according to the contributions from various
molecules, we have

�(2)
ijk (!) = −

i!
2��0kBTA

∫
∞

0
e−i!t

∑
I,J

〈aIij(0)�Jk(t)〉dt, [12]
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where the summation is from 1 to the total number of molecules.
So the resultant signal is from the combined effects of all the
polarizabilities and the dipole moments within and between
molecules.

The contributions of the SFG spectrum from the cross terms
(I 6= J ) is about 20% (57). When the cross terms are ignored,
Eq. 12 can be expressed as (35)

�(2)
ijk (!) = −

i!Ns

2��0kBT

∫
∞

0
e−i!t〈aij(0)�k(t)〉dt, [13]

where Ns is the surface density of molecules Ns = N/A. N is the
number of molecules in the illuminated surface area A. aij and
�k represent the bond polarizability, and dipole moment from
the same molecule, respectively. The sum rule in Eq. 11 can be
expressed accordingly,∫

∞

−∞

d!�(2)
ijk (!) = −

i!0Ns

�0kBT
〈aij(0)�k(0)〉. [14]

We used the same argument to replace ! in the prefactor as
was made in Eq. 11. Projecting the OH bond dynamics from the
molecule coordinates onto the lab coordinates, the second-order
susceptibility, �(2)

yyz , in Eq. 13 is expressed as (35)

�(2)
yyz (!) = −iNs

∫
∞

0
e−i!t〈ei

∫ t
0 !(Q[t ′])dt ′

× {[(a‖ − a⊥)(r̂(0) · ŷ)2 + a⊥]
× [r̂(t) · ẑ]}〉dt, [15]

where r̂(t) is the OH bond unit vector. a‖ and a⊥ are the
hyperpolarizabilities parallel and perpendicular to the OH bond.

The second-order susceptibilities in Eq. 13 represent the
molecular susceptibilities for the electric field vibrating along
the i, j, and k directions. To relate the �(2)

ijk (!) to the actual
experimental arrangements, one introduces Eq. 15 into Eq. 2.
The input and output angles of the laser pulses and the surface-
related information are shown in Eq. 2.

According to Eq. 15, the SFG process has the dipole moment
and polarizability matrix elements and is expressed as a spatial
correlation function. In the current case, the rigid water model
is used in the MD simulation. So only a small amount of
computational resources are required, allowing the simulation
to be performed on a personal computer in several hours. In
contrast, various parameters are used for simulating the quantum
vibrational behavior of the OH bond for the flexible water model
MD simulation. The velocity correlation function, alternative to
Eq. 7 by a different integration by parts, has been used in the
flexible water model and the computation time could be saved
for the total calculation processes (58, 59).

2. Results
2.1. Four Sets of Experiments Treated. The experimental PS-
SFG with both the lineshape and amplitude was reported in
Fig. 4A, ref. 23. Collinear beam geometry was used, where an
s-polarized 532 nm vis beam and a tunable p-polarized ir beam
with a 30 ps linewidth were collinearly incident on a sample
at an angle 45◦, and the reflected s-polarized SFG spectrum
was measured (23, 60). The broadband collinear experimental
assignment for the ssp SFG spectrum was used in ref. 17. The
incident and output angles are 45◦ and the vis beam is 800 nm.

A noncollinear beam geometry with different laser widths
was used to measure the ssp SFG spectrum in the respective
experiments (15, 25, 26). The collinearity and noncollinearity
geometries of the experimental arrangements are seen from the
angles of the incident lasers, the collinear geometry being the
ir and vis pulses are in the same incident angle (22). The
experimental vis laser pulse wavelength, bandwidth, incident and
output angles of the vis and ir laser pulses, the total Fresnel and
Fresnel factors in Eq. 3, and the quartz reference values in refs.
15, 17, 23, 26 are collected in Table 1.

The wavelength, the linewidth, and the incident angle of the
vis and ir in columns 2, 3, 5, and 6 in Table 1 were extracted
from the respective papers (15, 17, 23, 26). The output angle of
the SFG pulse in column 4 has a phase matching condition
with the incident pulses, sin �/� = sin �1/�1 + sin �2/�2,
(51, 61) where the SFG wavelength, �, is 2.7 μm (3,700 cm−1).
The Fresnel factors and total Fresnel factors representing the
projection between the molecule susceptibility and the effective
susceptibility were determined from the incident, reflective, and
refractive pulse angles as well as from the refractive indices of
the air, water, and the surface, whose equations are given in refs.
41 and 43. The quartz reference values are collected in the last
column of Table 1.

The average of total Fresnel factors used for normalizing the
total Fresnel factors from the four experiments is 0.357. The �F
in Eq. 4 representing the average of total Fresnel factors divided
by the total Fresnel factors in Eq. 3 for refs. 23, 26, 15, and 17
are 1.01, 0.89, 1.09, and 1.02, respectively. The susceptibility
corrections according to the quartz reference denoted by �q are
0.88, 1.17, 1.17, and 0.88 for the measurements of refs. 23, 26,
15, and 17, respectively.

The ��1 representing the efficiency of the excitation produced
by the vis pulse is described in detail in SI Appendix, c.f. SIB. The
visible wavelengths for refs. 23, 26 are 532 nm, while those
utilized by refs. 15, 17 are around 800 nm. The calculated
result indicates that the integrated amplitude or the sum rule
of the molecular susceptibility of the former is 1.14 times that
of the latter. To account for this process, the correction can be
made by multiplying 1.14 by the sum rule of the 800 nm SFG
spectrum. So the values for ��1 are 1.0, 1.0, 1.14, and 1.14 for
the measurements in refs. 23, 26, 15, and 17.

Table 1. Experimental vis pulse wavelength and bandwidth, incident and output angles of the laser pulses for the
sum frequency experiments, the Fresnel factors, the total Fresnel factors, and the quartz reference values in refs.
15, 17, 23, 26

�1 Width Angle (Degree) Fresnels �q

Reference (nm) (cm−1) � �1 �2 Lyy (!) Lyy (!1) Lzz(!2) L (10−12mV−1)

(23) 532 0.42 45 45 45 0.77 0.77 0.85 0.361 0.8 (62)
(26) 532 0.53 57.4 57.5 56.6 0.68 0.68 0.81 0.316 0.6 (63)
(15) 795 25 43.3 42 48 0.77 0.78 0.84 0.388 0.6 (63)
(17) 800 14 45 45 45 0.77 0.77 0.86 0.363 0.8 (62)
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Fig. 1. Imaginary part of the effective ssp SFG spectrum from refs. 23 (red,
26 (orange), 15 (green), and 17 (blue). The purple dashed line denotes the
background signal of the experimental data from ref. 23 (red) in the dangling
OH bond region (from 3,600 cm−1 to 3,900 cm−1).

The experimental imaginary part of the effective PS-SFGs
and heterodyne-detected SFGs for ssp for OH in dangling
OH peak region are illustrated in Fig. 1 in red, (23) orange,
(26) green, (15) and blue lines. (17) The purple dashed line
represents the background of the SFG spectrum in ref. 23.
The other measurements do not show the background noise
explicitly. The integrated SFG spectra of the imaginary part for
narrowband ir pulse and broadband ir pulse groups are collected
in Table 2. The integrated susceptibility of the original data is
shown in the second row. The background correction factors,
�B for refs. 23, 26, 15, and 17 are 0.66, 1.00, 1.00, and 1.00,
respectively. The corrections are made in the cumulate form
for the background contribution, quartz reference, total Fresnel
factor, and the wavelength of the visible pulse are displayed from
the third to the sixth rows.

In Fig. 2A, the background-removed imaginary part of � ′(!)
of the effective ssp SFG spectrum in ref. 23 (red), the imaginary
part of � ′(!) of the effective ssp SFG spectrum in refs. 26
(orange), 15 (green), and 17 (blue) are shown. The sum rule
of the imaginary � ′(!) is collected in the last row in Table 2.
The convolution of Im[� ′(!)] from narrowband SFG spectrum
in ref. 26 to broadband SFG spectrum in ref. 15 according to
Eq. 6 is illustrated by the orange line in Fig. 2B. The green line
in Fig. 2B is the same as the orange line in Fig. 2A, representing
the measurement in ref. 15. The amplitudes of refs. 15 and 17
corrected as above are times 1.5 for having a similar sum rule
between the two curves.

Table 2. The sum rule of the experimental second-
order susceptibility for water surface by using the
narrowband ir laser (Refs. 23 and 26) and using the
broadband ir laser (Refs. 15 and 17) Corrections for the
background contribution, quartz reference (quartz ref),
total Fresnel factors, and the visible pulse wavelength
(vis wave) The unit of the integrated susceptibility is
10−20m2V−1cm−1

Narrowband Broadband

Corrections (23) (26) (15) (17)

Original 4.63 1.96 1.48 1.70
Background 3.07 1.96 1.48 1.70
Quartz ref 2.69 2.29 1.73 1.49
Fresnels 2.66 2.58 1.59 1.46
Vis Wave 2.66 2.58 1.81 1.67

2.2. Calculation of the Sum Frequency Generation Spectrum.
The water surface structure was obtained in ref. 35 using the
DL_POLY2 program, (64) where two boundary surfaces with
opposite signs of the dipoles were presented. We selected the
water molecules whose oxygens are in the upper half region.

To obtain the OH bond vibrational frequency from the MD
simulation, we used an empirical correlation between OH bond
local mode vibrational frequency in an environment and the local
electric field for the extended simple point charge (65) water
model given by Auer and Skinner (66). They used an equation
aimed at selecting frequencies of the dangling OHs.

!Q = (3762− 5060EQ − 86225E2
Q)cm−1, [16]

where EQ denotes the component of the electric field arising
from the rest of the system and acting at the H atom along an
OH bond Q . The electric field was calculated as allowed in three
steps: (66) 1) The oxygen atom in a particular water molecule
was placed at the center of a xy plane. 2) The electric field from
the atoms of other water molecules at the position of the H atom
was then calculated. 3) The electric field was then projected onto
the OH bond.

The nonvanishing element a‖ in Eq. 15 contains a dipole
moment derivative and a polarizability derivative, terms that
were obtained directly from the ir and Raman spectra ex-
periments for water vapor, (8, 35, 67–70) it has the value
5.27× 10−26m4V−1s−1 under the assumption that the effect of
the interactions between the water molecules on these quantities
was small. To allow for those interactions it might have been more
appropriate to introduce instead of the OH data from H2O vapor
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Fig. 2. (A) Background-removed imaginary part of � ′(!) of the effective ssp
SFG spectrum in ref. 23 (red). Imaginary part of � ′(!) of the effective ssp
SFG spectrum in ref. 26 (orange), ref. 15 (green), and ref. 26 (blue). (B) The
convolved � ′(!) from ref. 26 (orange) and the � ′(!) from ref. 15 (green) in
Fig. 2A. The amplitudes of � ′(!) of refs. 15 and 17 are times 1.5 for having a
similar sum rule of the four curves. Reproduced with permissions from refs.
15, 17, and 23. Copyright 2015, 2016, and 2023, AIP Publishing. Reproduced
with permission from ref. 26. Copyright 2017, American Chemical Society.
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Fig. 3. The background-removed experimental imaginary part of ssp SFG
spectrum in ref. 23 (red), curve of the dangling OH bond peak fitted by a
Lorentzian lineshape (green dashed line), and calculated SFG spectrum (blue)
for dangling OH region.

the corresponding quantities for a dangling OH bond in a water
cluster (35, 71). We adopted the simplest approach using the
data from H2O vapors instead.

The calculated imaginary part of the effective ssp SFG
spectrum is shown as a blue line in Fig. 3. The full width at half
maximum (FWHM) and integrated amplitude (area) between
3650 and 3850 cm−1 are shown in the second row in Table 3.
The Fresnel factors in the calculation are taken from ref. 12. The
angle of the incident ir pulse is 45◦ (23). The OH stretching
vibrational damping factor was chosen as 
vib = 4 cm−1, which
corresponds to about 1 ps structure memory time in liquid water
(14, 72). Since the 
vib is small, it has little effect on the integrated
SFG spectrum, we do not refer to this value as an adjustable
parameter. The laser parameters used in the calculation are given
in Table 1.

3. Discussion
The overall lineshapes in the experiments for the spectra are
shown in Fig. 1. One can see a 3,700 cm−1 peak and a hump to
the red of that peak in each experimental spectrum. The 3,700
cm−1 peak is assigned as the OH in dangling OH for the water
surface, where one OH bond of a water molecule points on
the average to the vapor and the other OH bond of the water
molecule forms a hydrogen bond with another water molecule
(8, 12, 73). It has been suggested that the hump to the red of the
dangling OH peak may be due to the structures of the weakly
interacting OH bond and various suggestions have been made
(26, 73–77). The background (purple dashed line) is treated as
the experimental noise (78, 79).

Table 3. Experimental from ref. 23 and calculated
Im[�(2)

eff,ssp] for the dangling OH bond region

Peak position Amplitude Width Area

Paper (cm−1) (†) (cm−1) (‡)

Expt.* 3709 5.9 26 2.4
Our calculation 3724 5.8 46 3.0
* Background-removed spectrum in Fig. 4A in ref. 23.
†The unit of the amplitude is 10−22m2V−1 .
‡ The unit of the area (integrated amplitude) is 10−20m2V−1cm−1 .

We first note from the comparison of the results in the
second and last rows of Table 2 that the net correction for the
narrowband results in the table is substantially larger than for the
broadband results. A reason for any large differences among these
measurements is due to the different experimental arrangements
shown in Table 1. We next discuss the agreement between the
narrowband and broadband SFG spectra for the imaginary part,
and the agreement between experimental and calculated SFG
spectra is discussed using the sum rule. The discussion of the
sum rule of the real part SFG spectrum is shown in SIC.

3.1. Sum Rule Comparison between Experiments. In Eq. 4,
the � ′(!) has been corrected for the effects arising from the
experimental optical geometry, the quartz reference value, and
the incident wavelength of the vis pulse. Inspection of Fig. 2A
shows that the narrowband SFG spectra in refs. 23 and 26 have
stronger peak intensities and have better signal to noise resolution
compared with the measurement in refs. 15 and 17, while the
peak amplitudes for the broadband SFG spectrum in refs. 15 and
17 have smaller amplitude and a broader lineshape. Nevertheless,
the agreement among those measured susceptibilities can be
checked using a sum rule after correcting for the differences
in experimental arrangements.

The correction to various SFG measurements using the sum
rule using Eq. 4 is detailed in Table 2. The original integrated
imaginary part of the second-order susceptibilities for the 3,700
cm−1 band differ by a factor of 3 comparing the largest and
smallest values. The background contribution from ref. 23 is
corrected in the third row. The agreement between refs. 23 and
26 is improved from a factor of 2.4 to 1.6. The agreements among
all the integrated susceptibilities are improved as well. The fourth
row shows the correction for the quartz reference. The agreement
between the experiments in refs. 23 and 26 improves to a factor
of 1.2. After the correction of the total Fresnel factors in Eq. 3 in
the fifth row, the data of refs. 23 and 17 remain similar arising
from the identical incident and output angles seen from Table 1.
The agreement within the narrowband and the broadband groups
now differ by a factor of 1.1.

As shown in the third column of Table 1, the vis pulse
wavelengths are 532 nm and 800 nm for the narrowband and
broadband groups, respectively. The sum frequencies in the
experiments are 445 and 617 nm, respectively. When the incident
laser frequency approaches the resonant frequency, the transition
from the ground electronic state to the excited electronic state can
be enhanced. One then expects a larger susceptibility for a larger
laser frequency. Additionally, we employ a simple three-level
model representing the ground electronic state, first vibrational
level, and the excited electronic state for the process in SIB
(2, 80, 81). It shows that the susceptibility for the 532 nm
SFG sum rule is 1.14 times that of the 800 nm SFG sum
rule. The corresponding corrections are shown in the last row
of Table 2. The agreement between the narrowband and the
broadband group becomes a factor of 1.5.

The smaller integrated signal for the broadband SFG spectrum
compared with that for the narrowband SFG spectrum may be
explained as follows. The absolute amplitude of the effective
susceptibility may be affected by the laser power. The laser
powers are 3 and 18 mW for the narrowband and broadband
groups, respectively (12, 82). A more powerful laser may heat
the local environment and the disorder may lower the overall
SFG amplitude and have a smaller integrated signal. Another
contributing factor may involve the coherence length lc in Eq. 1.
The coherence length of the quartz crystal in Eq. 1 for the
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broadband SFG spectrum may differ from that for the
narrowband SFG spectrum. We do not have the information on
those aspects and we do not make corrections for such possible
differences.

The conversion from narrowband to broadband SFG spectrum
can be achieved by a convolution process. In the broadband
SFG spectrum, first, the ir pulse is made on resonance with the
vibrational transition of the local mode for the water molecule.
Then, the vis pulse which is off-resonance with the transition
between the ground and the excited electronic state of the water
molecule creates an instant wavepacket that mimics the lineshape
of the broad vis pulse. One can see the broad SFG spectrum
peaks. Therefore, a broadening effect on the dangling OH peak
in the broadband SFG spectrum is due to the broad vis pulse
in the experimental arrangement (53, 81). In narrowband SFG
spectrum, the 0.53 cm−1 bandwidth in the last row of Table 1 for
the vis pulse is small enough to reveal the intrinsic lineshape of the
dangling OH band. Then, the� ′(!) from ref. 26 was convoluted
with the 25 cm−1 bandwidth laser pulse which was used in ref. 15.
The calculated � ′(!) is shown as the orange line in Fig. 2B, while
the green line is a copy of the green � ′(!) in Fig. 2A.

3.2. Sum Rule Comparison between Theory and Experiments.
Comparisons between the experimental (red line) and calculated
(blue line) imaginary part of the effective ssp PS-SFG spectra for
dangling OH region are shown in Fig. 3. The red line represents
the background removed SFG spectrum from ref. 23 in Fig. 1.
The positive peak has the hump around 3,640 cm−1 and the
dangling OH mode whose high frequency boundary is to the
red of the 3,700 cm−1 peak (26, 73–77). The dangling OH
mode is extracted by assuming a Lorentzian lineshape (26). (green
dashed line) The present paper mainly focuses on the dangling
OH peak, and we compare theory and the experimental data
within the green dashed line. The peak position, peak amplitude,
FWHM, and the integrated amplitude of the dangling OH peak
in experiment and theory are collected in Table 3. The width of
the spectrum from the experiment is significantly smaller than
that of the theoretical calculation. The reasons may be explained
as follows. This local electric field cannot fluctuate rapidly in the
current case and so it cannot yield a motional line narrowing that
arises from rapid fluctuations of the neighbors of the dangling
OH (motional line narrowing) (14, 71, 83). Using the sum rule,
in the last column of Table 3, the integrated amplitude for the
dangling OH peak from experiment and theory are calculated.
One can see that the agreement between the experiment and
theory is improved to a factor of 1.3 for the integrated amplitude
compared to that was illustrated in Fig. 3.

In ref. 84, the phase-sensitive SFG spectrum using ab initio
MD was studied. Three layers, the binding interfacial layer,
diffuse layer, and bulk water, for the water surface structures were
proposed to describe the surface contributions to the SFG spectra
(31). In the simulations, both the lineshapes and the absolute
intensities were calculated and compared with the experimental
effective ssp PS-SFG spectrum. Fresnel factors and the angle of
incident ir pulse do not seem to be accounted for in the effective
ssp SFG calculations. Those factors do not appear to have been
introduced in this interesting paper.

4. Concluding Remarks
A theory for sum rule is derived for the sum frequency generation
spectrum for both the imaginary and real parts. The sum rule of
the sum frequency generation represents the integrated signal
of the frequency domain, which is independent of dynamics
and time. Of particular interest is the sum rule involving the
imaginary part of the time correlation of the polarizability and
dipole moment matrix elements. Concurrently, the sum rule for
the real part is indicative of the background contribution.

The sum rule is used to test the agreement of experimental
results for both the noncollinear and collinear arrangements
(15, 17). The sum rule is seen to provide a convincing
demonstration that the four experiments from refs. 15, 17, 23, 26
have strong correlations, though the experimental arrangements
are different from each other. Besides the total Fresnel factor
corrections, the most important contributions for sum rule
correction of the imaginary part of the ssp SFG spectrum
are the background contribution and the value of the quartz
reference. For converting the lineshape and the amplitude from
the narrowband to the broadband SFG spectra, the convolution
process plays an important role.

With no adjustable parameters, the theoretical calculation
agrees very well with the lineshape and amplitude as well as
the sum rule for the phase-sensitive sum frequency generation
spectrum of the dangling OH bond in ref. 23.

The ssp polarizations with the advantages of revealing the
surface structure information, i.e., the center frequency and am-
plitude for the susceptibility, are investigated and interpreted by
many theory and experimental groups. For the ssp SFG spectrum
of the water surface, the dangling OH and hydrogen bond regions
can be extracted from the spectrum. The distribution function
of the dangling OH bond can be determined from ssp and ppp
spectra, or the ratio between ssp and ppp spectra. As ppp has
four spectrum terms, a precise calculation of the ppp is another
challenge for the molecular dynamics simulation and the theory
of the second-order susceptibility.

Data, Materials, and Software Availability. The DL_POLY2.0 program was
used to calculate the trajectories. All other data are included in the manuscript
and/or SI Appendix.
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