Downloaded at California Institute of Technology on January 9, 2021

Check for
updates

Sum frequency generation, calculation of absolute
intensities, comparison with experiments, and
two-field relaxation-based derivation

Kai Niu*® and Rudolph A. Marcus®'

2School of Science, Tianjin University of Technology and Education, Hexi, Tianjin 300222, People’s Republic of China; and PNoyes Laboratory of Chemical

Physics, California Institute of Technology, Pasadena, CA 91125

Contributed by Rudolph A. Marcus, December 15, 2019 (sent for review April 12, 2019; reviewed by Shaul Mukamel and Francesco Paesani)

The experimental sum frequency generation (SFG) spectrum is
the response to an infrared pulse and a visible pulse and is
a highly surface-sensitive technique. We treat the surface dan-
gling OH bonds at the air/water interface and focus on the
absolute SFG intensities for the resonant terms, a focus that per-
mits insight into the consequences of some approximations. For
the polarization combinations, the calculated linewidths for the
water interface dangling OH SFG band at 3,700 cm—" are, as
usual, too large, because of the customary neglect of motional
narrowing. The integrated spectrum is used to circumvent this
problem and justified here using a Kubo-like formalism and the-
oretical integrated band intensities rather than peak intensities.
Only relative SFG intensities are usually reported. The absolute
integrated SFG intensities for three polarization combinations
for sum frequency, visible, and infrared beams are computed.
We use molecular dynamics and the dipole and the polarizabil-
ity matrix elements obtained from infrared and Raman studies
of H,0 vapor. The theoretical expressions for two of the abso-
lute susceptibilities contain only a single term and agree with
experiment to about a factor of 1.3, with no adjustable param-
eters. The Fresnel factors are included in that comparison. One
of the susceptibilities contains instead four positive and negative
terms and agrees less well. The expression for the SFG correla-
tion function is normally derived from a statistical mechanical
formulation using a time-evolving density matrix. We show how
a derivation based on a two-field relaxation leads to the same
final result.

sum frequency generation | integrated spectrum | SFG |
motional narrowing | absolute intensities

Sum frequency generation (SFG), one of the second-order
nonlinear spectroscopies, was developed to study the prop-
erties of interfaces, such as those involving air/water interfaces
(1-61). In SFG experiments, there are two incident laser pulses
with identical or different polarizations, the frequency of one
laser beam being in the infrared (IR) and the other in the
visible. The two beams are mixed in the present case at an
air/water interface, while the output signal is collected in the sum
frequency direction. The polarization combinations for sum fre-
quency, visible, and infrared beams studied by Wei and Shen (3)
are written as ssp, sps, and ppp, where, for example, ssp denotes
that the sum frequency output and the visible input beams are
both s polarized; i.e., their electric field vectors are parallel to the
surface. The p denotes that the infrared input beam is p polar-
ized; that is, the electric field lies in the plane perpendicular to
the interface.

SFG has proved to be a particularly useful experimental tool
for the study of interfaces, e.g., air/water surfaces (1-33), and has
been studied theoretically and computationally (34-61). In the
computations typically classical trajectories are used (3446, 55,
56), often with some quantum correction for the vibrations.

One goal of the present paper is to calculate absolute SFG
intensities for the different polarization combinations, using data
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from infrared and Raman experiments, and compare them with
the absolute intensities for the SFG experimental results, cor-
recting for their Fresnel factors in the comparison. A motivation
of the present study was the study of the dangling interfacial OH
bonds that play a role in the catalysis of “on-water” reactions
in emulsions (62, 63). Typically the derivation of an expression
of the frequency-dependent SFG and for other susceptibilities is
made using perturbation theory (41, 57, 58, 64). In a single-laser
system the frequency-dependent susceptibility has also been
obtained by studying the relaxation of the system after introduc-
ing a step function in the external force (e.g., electric field) and
then allowing the system to relax after removal of the field (65).
In the present case there are two electric fields involved in the
relaxation, one of which interacts with the electrons (it corre-
sponds to the Raman source) and the other one interacts with
the nuclei (it corresponds to the infrared source). The relax-
ation method is modified here to treat this two-electric-field
system.

Usually in deriving the value of a time-correlation function
for SFG the matrix elements are computed separately or, when
obtaining an absolute value for the SFG susceptibility is not a
goal, the absolute values of those matrix elements are either
not considered or estimated approximately, perhaps with clas-
sical molecular dynamics (MD) with a quantum correction (42,
56, 57). For providing detailed information on the SFG, the
MD technique was developed (34-46) as well as recently an
efficient calculation algorithm for computing the SFG spectra
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of the water OH stretch mode based on a surface-specific
velocity—velocity correlation function (49-52). Quantum effects
have been shown to cause a redshift of the OH-stretch
band by 150 to 200 cm™' (42, 49, 51-53, 64). Paesani and
coworkers used centroid molecular dynamics simulations (66,
67), an approximate quantum approach, to treat the redshift
(54, 60, 68, 69).

Gaigeot and coworkers calculated the SFG absolute inten-
sities for real and imaginary parts for ssp SFG susceptibilities
employing the density functional theory MD simulation (47, 48)
and treated the experimental SFG data of Nihonyanagi et al.
(25). We plan to discuss elsewhere the relation of the present
work to the experimental results of Nihonyanagi et al. (25)
involving broad bandwidth infrared laser and to the theoretical
calculations of Gaigeot and coworkers (47, 48).

This paper is organized as follows: The theory is described in
Derivation of SFG Expression Using a Relaxation Method and then
specialized to the case of dangling OH bonds in Case of a Sin-
gle SFG Peak, Relation to Wei and Shen, Eq. 28. The expression
for the SFG susceptibility x (2 (w) is shown to reduce to the fast
and slow limits of Wei and Shen (3) in Slow and Fast Limits for
the Orientational Motion. A Kubo-like formalism is introduced in
A Kubo-Like Model, leading to the final results for the absolute
integrated susceptibilities (57, 70). The results of the computa-
tions are given in Results, including a justification in Justification
for Using the Integrated Spectrum, by adapting the Kubo theory
of line broadening, for using the integrated spectrum of a band
to circumvent the MD-induced line broadening. The results are
discussed in Discussion, and concluding remarks are given in
Concluding Remarks.

Theory

In the present derivation of an expression for the correlation
function for SFG using a relaxation method, we neglect for our
specific purpose the off-resonant terms, although the method
is not restricted to this case. The contribution of the neglected
cross-term is about 20% (58). The orientational motion is treated
classically, while the vibrational motion of the OH oscillator is
treated quantum mechanically in a way that permits introduc-
ing infrared and Raman experimental data to calculate abso-
Iute SFG intensities. The use of Raman and infrared data was
prompted by the work of Wei and Shen (3, 71).

Derivation of SFG Expression Using a Relaxation Method. We con-
sider the resonant SFG polarization in the system with compo-

nents Pi(2) (¢) that result from the visible and infrared laser fields,

denoted by E; and E», respectively, with components E;; and
Ep. In terms of a response function ¢/ (¢) we have

t t
P”'(Q)(t)zﬁoz/ / G (t — tr, t — t2)
G oo/ oo
X E1;(t1) Eor (t2) dt1 diz, 3]

where i, 7, k in subscript form refer to the Cartesian directions
and ¢ is the electric permittivity of free space. In Eq. 1, we treat
the response to the high-frequency (visible) component Ej;, a
highly off-resonant response, to be instantaneous and so write

Gin(t —t1, t — ) = gy(t — 12)07 (t — 1), [2]

where §7(7) is a delta-like function over the semiinfinite 7-
domain (0,00) rather than the usual (—oo, co) for a delta func-

tion. So ' __ f(t1)8" (t — t1)dt1 = f(¢). To obtain the ¢y in Eq.
2, we introduce a relaxation method by setting the infrared-like
field E2x(t) equal to a constant Esy, prior to ¢ = 0 and zero for
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t >0 and setting Raman-like Fy;(¢) = Ey;, a constant for the
entire time. Hence, for ¢ > 0 we have

0
Pi(Q)(t):EOZEuEQk/ (Z)ijk(t— L‘2)dt2, t>0. [3]
ik e
Setting T =t — {2, Eq. 3 becomes

Pi(2)(t):eOZE1jE2k/ Gij(T)dr, t>0.  [4]
t

gk

We next consider the statistical mechanics of this system, a sys-
tem where as above the “infrared field” is set equal to zero for
t >0 and the “visible field” is the same throughout. We have
3,72)

P (1) = P (eq) =
ATEY Y <nfag(0) By pi(t)puln>r, t>0,  [5]
gk

n

where the sum is over the quantum states |n > of the OH stretch-
ing quantized vibrations and A is the surface area. The “n”
denotes the totality of quantum numbers for the N molecules.
The canonical probability density for these states is denoted in
Eq. 5 by p,. The <>>r includes an integration over the phase
space I of the remaining coordinates and momenta, treated clas-
sically. The term ay; (0) E1; is the polarizability-induced response
to E1;(¢), and pi(¢) is the time-evolving phase space density in
I’ phase space. The value of pi(¢) at t = 0is px(0) and px(t)
evolves in time for ¢ > 0 according to the unperturbed Liouville
operator L,

or(t)=e " pp(0), t>0. [6]
Here, the commutator operator L is [H, ] /h, where H does not
contain the effect of Ei;. Both p; (0) and L contain the effect
of the constant “visible” field Esy, (interacting with the electronic
polarizability). We use a mixed classical and quantum mechan-
ical description for the OH stretching vibration and a classical
mechanical description for all remaining coordinates (36, 57).
We include the time-varying interaction between these two sets
of coordinates.

The Hamiltonian H that appears in the L in Eq. 6, and so the L
itself, contains a mixture of classical Poisson brackets and quan-
tum mechanical commutators. In this way, one can include the
fact that the interaction of an OH stretch in the |0 > state with
the other coordinates is different from that of an OH vibrational
|1 > state. For ¢ >0 the system relaxes according to Eq. 6, with
the initial p, py (0), given by

_ exp(—BH — SAH)
>, <nlexp(=FH — BAH)|n > pn’

pi(0) (7]

AH), describes the interaction of the dipole moment with the
constant infrared field Fsy,

AH,=— Zl’l’kEQkH [8]
J

where puy, is the kth component for the ensemble of SFG-active
transition dipoles. Upon expanding the exp(—SAH;,) in powers
of A Hj, one finds, apart from a time-independent term that will
not contribute later to the signal at a finite frequency,

PO() ~ PO (ea) = 5 5757 <nlay (0) s (0)
ik

n

><eiﬂH|n>>rPnE1jE2k/Z<n\efBH|n>pn. [91

n
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The susceptibility is given by (73)
PO (t) = PP (eq) = / X2 (@) By Bare . [10]
0

Although, as in the definition in Eq. 6, H contains F;;, we see
in Eq. 9 that there already is a product of Fi; and E»j;. The Ei;
in H can be omitted since it would contribute to a term cubic in
the E's. We note too that exp(—iLot)ux (0) = ui(t), where uy ()
is a quantum mechanical dipole operator acting on the space
of the OH stretching eigenstates |n >. We define a quantum
< ay;(0)ux(t) > by

Nk n|ai; (0) i (e P > py,
A, <nbPn>pn

< aii (0) e (8) > [11]

and then obtain
PO~ PO (ea) = 0 57 < ay (O)pn(1) > By B 1121
gk

On comparison of Eqs. 4 and 12 we see that they are equivalent
if we set

[ onmir= L coomw>. ns
t €o

Differentiation with respect to ¢ then yields the desired expres-
sion for this response function:

¢tﬁfk(t):*60% < a (0)fu(t) > [14]

The second-order susceptibility Xi(j]%)

transform of ¢;u(t), since

ﬂ o —iwt

- 27me0A S,

is the Fourier-Laplace

2
X (w) =

:/OO e "y (t)dt. [15]

0

Integration by parts yields

2 /B —iwt S
Xi(jk)(w) = *me < @y (O)ﬂk(t) > ‘0
iwpf et
_ ii . 1
2men A J, ° <@ Opet) > di. 16!

The correlation function for the first term at ¢t = co is zero due to
the loss of correlation at ¢ = co. We then have

X (w) = < ay (0) i (0) >

B 2meg A
iwp

=~ —iwt B
2men A J, € < ai; (0)pr (t) > dt.  [17]

In Eq. 17, the first term is the initial value of the time response
function, while the second term is the Fourier transform of the
time response function and serves as the oscillating part in SFG.
The first term in Eq. 17 will form part of the background, and so
at any finite frequency w we consider only the second term:

iwp

*~ —iwt -
2me0A J € < a5 (0)pr(t) > dt. [18]

2
i (w) =

The polarizability-induced response to the Ei; electric field
a;(0) and to the Es electric field px(t) refers to the entire
system.
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We rewrite Eq. 18 in terms of its contributions from the
various molecules:

(2) (w) _ wp

o —iwt I J
it areod | € > <ah(0)uil(t)>dt.  [19]

1,J

The sums are over I and J from 1 to N, the number of
chromophores in an illuminated surface area A. When the cross-
terms I #J in Eq. 19 are omitted and it is noted that the average
for every I is the same, we can for notational brevity omit the Is
and Js and multiply the result by N and let N, be the surface
density of molecules Ny = N/ A. Eq. 19 becomes

N oo
ZWﬂNG e—iwt

peonll <ay(0)ui(t) > dt,  [20]

X (w) =
where for notational convenience we have omitted the I, J
superscripts and where the < a;(0)uk(t) >s now denote the
values for a single surface molecule, instead of a collection of
surface molecules. Then for a typical molecule we now write the
operators in the form (72)

H = Hp|0>< 0|+ Hi|1><1|
11:(0) = (|0 >< 1|+ 1 ><0])
ai;(0) = a; (|0 >< 1| + |1 ><0]), [21]

where the a;; and pj, are polarizability and dipole moment matrix
elements of the molecule and we treat a system where all of the
a;; and pj, are the same. The components of quantum correlation
function in Eq. 20 can be expressed as

< nlag (0)px () |n>= < nlage e M n >, [22]
where H is given by Eq. 21. We insert the completeness relations

for the chromophore, Y, |l >< | and )  |m ><m|, into the
quantum correlation function and so Eq. 22 can be expressed as

<nlay (0)ur(t)n>=>" < nlay|l>
l,m

—iHt/h iHt/h

x <lle pe|m >< mle |n >, [23]
where n,[, and m represent the quantum numbers. In SFG
experiments, the dangling OH peak involves the transition
between 0 and 1 vibrational levels, since the Boltzmann distri-
bution typically has n = 0 as the dominant state. / and m in
Eq. 22 can be either 0 or 1. According to Eq. 21, Eq. 23 can be
simplified as

< nlay () (t)|n > =ajpuje” ", [24]

where w, denotes the local transitional frequency between
ground and first excited vibrational states.

We next rewrite Eq. 20 in terms of direction cosines that trans-
form the expression from molecular space-fixed to molecular
body-fixed coordinates, a;;(0) =3, , axu(0)Dir(0) D;,(0) and
k(1) =", o (t) Dro(t). We then have

(2 _ ZWBNS *° —iwt
Xije (W)= 2meo  Jo ¢
Y < axp(0) () Din(0) D;u (0) Dy (t) > dt, [25]
Apv

where the averaging <> in Eq. 25 is over the phase space I" and
the states n, as in the definition given in Eq. 11. Eq. 25 is applied
in various ways, the first of which is to obtain an expression whose
slow and fast limits are those given by Wei and Shen (3). Instead
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of Eq. 25, it is customary in the literature to calculate the relative
intensities and line shapes, instead of absolute intensities. The
equality in Eq. 25 is thereby replaced by a proportionality. So
instead the prefactor in the integral in Eq. 25 is omitted (34, 37).

Case of a Single SFG Peak, Relation to Wei and Shen (3). We con-
sider the case of a single SFG peak, in particular, the peak at
3,700 cm ™! of a dangling OH group at an air/water interface.
We introduce into Eq. 25 the identity operator, »  |m >< m]|,
between the operators ay,(0) and w, (¢). The resulting matrix
elements of SFG active oscillators can be expanded in powers
of the OH oscillator coordinates ¢ for the molecules, retaining
the term linear in ¢ for each and noting that only the m=n+1
matrix elements contribute to the frequency-dependent signal
(the m =n —1 would contribute to a signal at a negative fre-
quency). Moreover, at room temperature only the m = 0 term
contributes for the OH (high frequency) vibration. To minimize
the number of symbols in the formalism we now use the nota-
tion, ax,(0) and . (¢), to represent these (0,1) polarizability and
dipole quantum mechanical matrix elements. Accordingly,

(2) WwBNs [ it
Xije (&2 (w)=- 2men  Jo ¢
XY < axu(0)paa (£) Din(0)D;,u(0) Do (t) > dt. [26]
Apv

Upon introducing the notation (wgq, yvi») of Wei and Shen (3),
the operator i, (t) can be written as

s (1) = s (0)0r =)t [27]

where ~, is a vibrational damping factor due in part to fluctu-
ations of the OH transition dipole moment. The p, (0) and the

ax(0) are matrix elements and equal \/1/2a;,, and \/1/2p,,
respectively, where a;,, and p;, denote the derivatives dax,/dq
and dp,, /dg (74). Here, q represents the dimensionless OH oscil-
lator coordinate. w, denotes local transitional frequency between
0 and 1 local vibrational levels for the water molecule. We take
them to be the same for all molecules being considered. We
then have

@y WBNs [P iw—w,— i)t
X’fk( w)= 4dmeo  Jo ¢
! !
XY ah g, < Dix(0) D;yu(0) Dy () > dt. [28]
Apv

This expression contains the independently experimentally
determined IR and Raman coefficients j;, and aj ,.

Slow and Fast Limits for the Orientational Motion. The slow and fast
motions for the surface dangling OH bonds are the orientational
motion of the surface dangling OH bond (S-OH) vs. vibrational
relaxation time of the S-OH vibration proposed by Wei and
Shen. (3) We next consider the two limiting cases, the slow and
fast limits, of Eq. 28 for the orientational motion involved in the
Dy (2).

The slow limit occurs when the orientational factor Dy, (¢)
changes slowly compared with the timescales involved in w, and
~Yib. One can then replace Dy, (t) in Eq. 28 by Dy, (0) and obtain

X (@)= =iNa Y g,y < Din(0) Dy (0) Dy (0)
Apv

. (Slow) [29]

W — Wq + i’Yvib ’
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where we introduced the hyperpolarizability, aq,x.., defined by

Qg \uv = 4 f a;\,u,//(‘;/ [30]

In the opposite limiting case, the orientational motion of the
molecules is fast relative to the timescales involved in w, and
~ib- (This case is nonphysical when a high-frequency vibration,
such as OH, is involved.) One can average over Dy, (¢) and note
that < Dy, (¢) > = < Dy, (0) >. Then Eq. 28 can be written as

X2 (@) = =N 3" agauw < Dia(0)D;,.(0) >< Dy (0)
Apv

1

—— > (Fast), 31
W — Wq + 1 Wib (Fast) 31
where ag .0 s given by Eq. 30. Both cases, Eqs. 29 and 31, were
given by Wei and Shen (3).

A Kubo-Like Model. To simulate the change in OH vibrational
frequency with environment we use the following Kubo-based
oscillator expression (57, 70): For the . (¢) appearing in Eq. 25,
we write

i (1) = i (O)excpli / w(QIE))dr], 321

where w(Q[t']) denotes the dependence of the OH frequency
on (@ representing the totality of coordinates of the environment
of that OH bond. Those ) depend dynamically on the time ¢,
obtained by a molecular dynamics calculation for the ensemble.
We may now write Eq. 28 as

2 —iw
== Y g [ e

Apv
x </ QUED 1 (0)D;,(0) Dy (8) > dt,  [33]

where a4, x.. is shown in Eq. 30 and the limits of the integral over
t" are (0, t). Estimates of w(Q[t']) are given in refs. 57 and 75.

By projecting the OH dynamics from the molecule coordinate
onto the laboratory coordinate, Eq. 33 becomes (SI Appendix,
section A)

(2) *7’LN/ 77,Lut<ez/‘0 t'])dt’
l_]

% { [ ((0) - D(0) ) + (i)
= al(f(oy%)(f(oyj)] [#(t) 1;}}> dt, [34)

where ) and a, are the hyperpolarizabilities parallel and per-
pendicular to the OH bond. #(¢) is the OH bond unit vector.
The first and second terms in the square brackets in Eq. 34 rep-
resent the Raman scattering process and the infrared absorption
process, respectively. The dipole moment derivative is projected
to the k direction in the infrared absorption process. In the
Raman scattering process, the incident pulse has j polariza-
tion. The signal is observed in the 4 polarization vector. So, the
components of the hyperpolarizability should be projected to
the j direction and then to the :. For symmetry in the Raman

process, the right-hand side of Eq. 34, Xi,f)( ), has exchange
symmetry with respect to i and j; i.e. X,Ei)( ) = Xﬂ ( ). For
a homogeneous water surface, we then have x,fxz)( )= X}f) (w)

2 2 2 2
and ) (w) =\ () = x5 (@) =X (w). .
Eq. 34 establishes a connection between the microscopic sur-
face nonlinear susceptibility and the OH bond orientation for
each specific water molecule. Eq. 34 and molecular dynamics

Niu and Marcus
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simulations are used in the present SFG investigation. Eq. 34
has the surface density of molecules and the absolute intensity
of SFG can be derived accordingly. Eq. 34 has the time evolu-
tion of the dipole moment where only one temporal orientational
projection is involved in each time step. So one can save com-
puter time using this equation, compared with the commonly
used equations where the time-dependent correlation functions
are derived by calculating the time-dependent polarizabilities
(57, 76).

Absolute Intensity of Sum Frequency Generation. The intensity of
the SFG in a typical experiment can be derived from Maxwell
equations by introducing a thin layer and refractive index n;(w)
for medium ¢ at frequency w (77). It can be written as (71, 78)

8m3w? sec? o
Ay (w)m (w1)m (w2)

I(w) = I 2T (w1) I (w2), [35]

where « represents the output angle for the sum frequency pulse,
while I(w1) and I(w2) are the incident pulse intensities.

The second-order susceptibilities in Eq. 15 represent the sus-
ceptibilities for the electric field vibrating along the i, j, and &
directions for the sum, incident Raman, and incident IR beam,

respectively. To relate the X,-(,-;f)( ) to the actual experiment, the

effective nonlinear susceptibility, Xeff , for different experimental

polarization combinations ij-{) sp? Xﬁr) eps» and ijf)yppp,

as (71, 78)

is written

X8 oo (w) = wo) sinaoy(P (W) [36]

vy (W)Lzz (w1) Lyy (w2) sin ale(zy) (w)

— Lz (w) Lag (w1 LZZ( 2) COS @ COS v Sin agxw) (w)

2) cos asin g cos agxx w)

a (w )(
2o (w2) sin o cos oy cos a2 (w)

w1) Lz (w2) sin arsin ay sin aax (2 (w),

where L denotes the Fresnel factor for the respective electric
field. w, w1, and wo are frequencies for output, visible, and
infrared pulses, respectively, while «, a1, and a2 are the angles
that the output, visible, and infrared pulses make with the sur-
face. The other five polarization combinations, sss, Spp, pps, psp;
and pps have been used to investigate SFG for achiral or chiral
elements (79-81).

Results

Experiments Treated. The experimental results that we consider
were obtained by Wei and Shen (3), where a 1.5-mJ visible laser
pulse at 532 nm and a 100-mJ infrared pulse tunable from 2,900
t0 3,850 cm ™! (with a linewidth 3 cm™') were mixed at the water
surface with incident angles of 45° and 57°, respectively. Both
input pulses had a beam diameter of about 1 mm, a pulse width
of about 15 ps, and a repetition rate of 20 Hz. The SFG output
was detected in the transmitted direction.

The experimental ssp, ppp, and sps SFG spectra from Wei and
Shen (3) for absolute intensity vs. vibrational frequency are illus-
trated in Fig. 1 A-C. The open squares are experimental data
and the solid lines are fittings performed by Wei and Shen (3).
The SFG peaks can be divided into two groups, where one group
has several broad peaks from 3,000 to 3,600 cm ™! and the other
is a narrow peak from 3,600 to 3,800 cm™'. The narrow peak
assigned as a dangling OH bond stretch on the water surface is
around 3,700 cm ™' (3). The experimental integrated signal for
ssp SFG within the dangling OH bond region, from the 3,650- to
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3,800-cm ™" region, is about 10 times larger than that for ppp and
about 40 times larger than that for the sps.

The enlarged and digitized SFG spectra for ssp, ppp, and sps
experimental data are shown in Fig. 1 D-F, where experimental
data and fits by Wei and Shen (3) are illustrated by solid lines and
dots, respectively. The baseline for each spectrum is depicted by
a dashed line. The fits by Wei and Shen (3) in Fig. 1 D-F are the
sum of a Lorentzian line shape and this linear background. The
Lorentzian implies that the line is homogeneously broadened.
For a more direct comparison of the resonant part of the SFG
spectra, the baseline removed ssp, ppp, and sps SFG experimen-
tal data are shown in Fig. 2, where they are depicted by solid,
dashed, and dotted lines, respectively. The peak values for ppp
and sps are very small compared with that for ssp and are mul-
tiplied by factors 12 and 40 to display comparable areas for the
three SFG spectra. The experimental integrated intensities for
ssp, sps, and ppp are summarized in Table 1, column 2.

Molecular Dynamics Simulation of Water Surface. The MD simu-
lation of the extended simple point charge (SPC/E) (82) water
model was performed using the DL_POLY?2 program (83). We
used 216 water molecules in a box of 18.7 x 18.7 x 18.7 A%, to
achieve a density of water molecules at 3.32 x 10**m™3 (84).
Periodic boundary conditions were employed along the x, y, and
z directions. The water molecules are evolved dynamically using
an NVT ensemble at the temperature of 300 K for 100 ps. The
SHAKE algorithm was used for maintaining the geometry of
water molecules (85). The z axis was tripled, in that the water
is sandwiched between two vacuum phases. A subsequent MD
simulation was prepared for a microcanonical ensemble for 10 ns
with 0.5-fs time intervals. The snapshots were stored every 1 fs to
calculate the time-correlation function in Eq. 34. As illustrated in
figure 1 in ref. 59, two water surfaces were again included. Each
water surface is parallel to the xy plane and has a random-like
shape near the edge of surfaces. It can be seen that some OH
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Fig. 1. (A-C) ssp, ppp, and sps SFG experimental data from ref. 3. Reprinted
with permission from ref. 3. Copyright 2001 by the American Physical Soci-
ety. (D-F) The respective peaks from 3,650 to 3,850 cm~'. The experimental
(Exp) data are displayed by the dotted line. The linear baseline for each peak
is depicted by a dashed line.
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Fig. 2. Baseline removed ssp, ppp, and sps SFG experimental data. To have
similar spectral areas in the plot, ssp, ppp, and sps SFG spectra are multiplied
by factors 1, 12, and 40, respectively.

bonds are pointing out of the liquid, while others are lying along
the xy plane or pointing into the liquid.

Sum Frequency Generation Calculation. There are two surfaces
with opposite signs of the dipoles. We select the surface of the
water molecules where the z coordinates of the oxygens are pos-
itive. An empirical correlation between OH bond local mode
vibrational frequency in an environment and the local electric
field for the SPC/E water model has been given by Auer and
Skinner (86), using an equation aimed at selecting the dangling
surface OHs,

wg = (3,762 — 5,060Eg — 86,225E3)cm ™", [37]

where Fg denotes the component of the electric field at the H
atom along an OH bond Q. The electric field was calculated
in three steps (86): 1) The oxygen atom in a particular water
molecule was placed at the center of an xy plane. 2) The elec-
tric field from the atoms of other water molecules at the position
of the H atom was then derived. 3) The electric field was then
projected onto the OH bond. The OH local mode frequency is
plotted versus the local electric field in Fig. 3 (86), which gives
some idea of the scatter along the line given by Eq. 37. When
the nonvanishing element g in Eq. 34, having dipole moment
derivative and polarizability derivative terms, is obtained directly
from the infrared and Raman spectra experiments for water
vapor, the computed absolute integrated intensities are there-
fore given in Table 1, column 3 (1, 87-90). While it would be
more appropriate to introduce instead of the OH data from H,O
vapor the corresponding quantities for a dangling OH bond in a
water cluster, a detailed analysis of the latter that provides that
information would be needed. A justification for using the inte-
grated spectrum for the comparison with experiment is given in
the next section.

The calculated SFG spectra for different polarization combi-
nations, ssp (solid line), ppp (dashed line), and sps (dotted line)
of the incident and output pulses are shown in Fig. 4. Some
524,000 trajectories were used in this calculation to reduce noise
in the spectrum. The OH stretching vibrational damping factor
was chosen as v, =4 cm ™, which corresponds to about 1 ps
structure memory time in liquid water (57, 91). As the 4 is small
and has little effect on the integrated spectrum on the SFG, we
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do not refer this value as an adjustable parameter. To scale sim-
ilar integrated spectral areas, and so to illustrate their relative
areas, the integrated ssp, ppp, and sps SFG intensities were mul-
tiplied by factors 1, 74, and 58, respectively. One can see slope
baselines for ssp, sps, and ppp in Fig. 4. The calculated spectra
whose baselines were removed are shown for the integrated ssp,
sps, and ppp SFG spectra in Table 1, column 3.

Justification for Using the Integrated Spectrum. The use of classical
trajectories has consistently led to inhomogeneously broadened
spectra instead of to the experimentally observed Lorentzian
spectrum, as seen in Table 2 (Table 2 also gives references),
except in one case where an averaging was made over the fluc-
tuations (41). Rather than using peak intensity to compare with
experiment we compare instead the integrated spectra since, as is
shown below, assuming the Kubo theory for spectral line shapes,
the use of the spectrum integrated over the desired band (here,
the 3,700-cm ™" band) yields a result that is independent of the
extent of inhomogeneous broadening.

We use a functional form for the spectral intensity I(w)
obtained by Kubo et al. (70), which in the appropriate limits
reduces to a Lorentzian for homogeneous broadening and to a
Gaussian for inhomogeneous broadening,

J(w):%/m B(t)e " dt, [38]
where ¢(t) is given by

@(t) = exp(iwgt)exp {—tCA <|ti| —1+67M/t”>} [39]

Here, wo is the frequency at the peak of the spectrum band, and
t. is the correlation time for the spectral fluctuations

te ! > / <w1(to)w1(to+t)>dt, [40]
0

= 7S
and A is the root-mean-square fluctuation in the frequency:
Al=<wi>. [41]
We have introduced in Eq. 38 a constant C, which is later
evaluated by comparing the Lorentzian limit of I(w) with the

Lorentzian given for the SFG expression by Wei and Shen (3).
The integral over the spectral band is

/ T (W) dw= C(0) = C, [42)

—o0

and so has the same value, regardless of whether the spectrum is
Lorentzian, Gaussian, or in between.

Table 1. Experimental vs. theoretical integrated SFG spectra for
the dangling OH bond region (from 3,600 cm—"! to 3,850 cm—")
in units of 103 m4.v—2.cm—"

Polarizations Expt Calc (gas) Calc (ice/gas)* Calc (ice/gas)*
ssp 143 190 366 1,610
sps 3.6 3.0 14 60
ppp 11.9 2.1 30 32

Expt, experimental; Calc, calculated.
*From ice phase aj /a1 =5.6, from gas phase a| = 5.27 x 10726 m*.v~'.s
"From ice phase aj/a. = 5.6, from gas phase a, = 1.68 x 10°%
m*v—TsT,

—1
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Fig. 3. OH local mode distribution versus electric field proposed by Auer
and Skinner (86). Shown is the OH local mode, wj, for water clusters vs. elec-
tric field E; in atomic units. The solid curve is the best quadratic fit and the
expression is given in Eq. 37. Reprinted from ref. 86, with the permission of
AIP Publishing.

When ¢. becomes large, Eqgs. 38 and 39 are approximated by a

Gaussian
(w—wo)?
I(w)= A exp [f 5AZ } . [43]
On the other hand, when ¢. becomes small, we have a Lorentzian
C elte
I(w) = T w2 [44]
where
v =A%, [45]
The expression given by Shen and coworkers (71) is
N2g?2
)= T2 [46]

where a4 is the amplitude of the dangling OH vibrational mode.
Comparison of Eqs. 44 and 46 yields a value for C.

Discussion

Eq. 36 is used for the final results of the SFG spectra. As the
susceptibilities are defined for the unit area, one needs to take
into account the surface density, 36/18.72 A~2 in the calcula-
tion. Both ssp and sps have one term and the calculated ssp and
sps agree, as seen in Table 1, with the experimental data within a
factor of 1.3. The ppp has four terms and so is more complex and
agrees less well with experiment. Their physical meaning can be

explained as follows. In ng’ssp(w), the s that is along the surface
has the contribution from z and y in the susceptibility and the
p polarized infrared pulse has strong contributions from the OH
bond perpendicular to the surface, z direction. The sum and vis-
ible beams both have the same polarization, s. Those two factors
contribute to ssp being large.

The sps SFG component is small, both experimentally and in
the calculations, a result also readily understood: The outgoing
SFG and the incoming visible beams now have their electric-
field vectors in planes perpendicular to each other, and the IR
beam has its electric-field vector in a plane perpendicular to the
main direction of the dangling OH bonds. The relatively small
value for sps is seen in experiment (3, 18, 28) and is also seen in
computations by many authors (36, 37, 41, 61).
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In the ppp process, the sum frequency, visible, and infrared
pulses are all p polarized, which means that their electric fields
all lie in the same plane, a plane perpendicular to the surface.
However, the p polarizations of the fields are not parallel or per-
pendicular to the water surface, but rather make some angle with
it. So, because of the (x, y) degeneracy, the susceptibility has a
number of terms in the ppp expression in Eq. 36. There are posi-

tive and negative contributions in the terms P (w) and 2 (w)
in ppp, so they contribute to its small value in our calculation.

The experimental SFG spectra obtained by different authors
(1-3, 5, 8 during the period 1993 to 2008 were collected by Wang
and coworkers (29). Those and more recent data for the full
width at half maximum (FWHM) and for the peak position of
the dangling OH region from both theory and experiment are
given for the ssp polarization combination in Table 2. Ref. 3 rep-
resents an accurate measurement of the SFG for both line shapes
and intensities from different polarizations and served as stan-
dard spectra (29, 92). Our calculated results are compared with
the experimental SFG spectra in ref. 3 whose peak and width of
ssp SFG are shown in the first row in Table 2. The experimental
data from different papers can be categorized into two groups
with respect to the bandwidth of the infrared laser. In the first
group, the FWHMs of the infrared laser are larger than 10 ps
(smaller than 3.3 cm™!), where a narrow bandwidth of the dan-
gling OH band can be observed. For the “broad-band” infrared
laser experiments, in the second part, whose FWHMs are smaller
than or equal to 2 ps (larger than or equal to 17 cm™'), the
measured widths of the dangling OH band are relatively larger.
One can see that the experimental SSP SFG spectra with narrow-
and broad-band incident lasers have different widths and inten-
sities for the dangling OH peak (3, 25, 26). This difference may
be due to the very broad instrumental signal in the broad-band
SFG of ref. 25.

In the theoretical part in Table 2 one finds that the widths for
ssp SFG are all too large except for the single study that cor-
rects for motional narrowing. The data are shown in the last row
of Table 2 (41). In comparing experiment and theory we avoid
the problem of correcting for motional narrowing by compar-
ing instead the experimental and computed integrated spectra.
Wei and Shen (3) fitted the 3,700-cm ™" band to a Lorentzian
rather than to a Gaussian and so regarded the band as homo-
geneously broadened. The justification for comparing instead,
in our case, the experimental- and computational-based inte-
grated spectrum is given in Justification for Using the Integrated

4
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Fig. 4. Calculated SFG spectra for different polarization combinations of
the incident and output pulses. To have similar spectral areas (integrated
signals) in the plot, ssp, ppp, and sps SFG intensities are multiplied by factors
1, 74, and 58, respectively. The baselines are shown in black.
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Table 2. Summary of calculated and experimental peaks and

FWHMs for dangling OH bond region of ssp SFG spectra for

|x§§},(w)|2 from different authors

Refs. Peak (cm~") FWHM (cm~—")
Experiment with infrared laser FWHM >10 ps (<3.3cm™")

Wei and Shen (3) 3,700 27
Wang2006 (28) 3,696 35
Shen2008 (5) 3,706 34
Yamaguchi2015 (26) 3,706 29
Shen2016 (7) 3,709 38*
Experiment with infrared laser FWHM <2 ps (>16.7 cm~")
Richmond2006 (40) 3,708 46
Tahara2015 (25) 3,719 72
Tyrode2018 (30) 3,704 40
Bonn2018 (33) 3,693 48
Theory without motional narrowing

Hynes2000 (36) 3,653 98
Hynes2002 (64) 3,6917 62
Space2005 (42) 3,701" 108
Richmond2007 (55) 3,692 66
Morita2011 (39) 3,675 60
Skinner2011 (35) 3,704 52*
Gaigeot2013 (46) 3,707 92
Bonn2016 (53) 3,705" 59%
Paesani2016 (54) 3,653 172*
Gaigeot2017 (47) 3,710 100
Our result 3,722 51
Theory with motional narrowing

Buch/Richmond2007 (41) 3,718 30

The first two sets are the experimental data with the FWHMs of the inci-
dent pulses larger than 10 ps and smaller than or equal to 2 ps. The rest are
the calculated results.

*In these papers, only the imaginary part was reported. So, the imaginary
part is squared. Then, the measured FWHM is multiplied by 1.72 for the
width. The 1.72 is the FWHM of |x®(w)|? over the FWHM of |Im(x@(w))|?
in our calculation.

TFor comparison with the experimental SFG, the calculated results were
shifted toward the red by 150 to 200 cm~" in the respective paper.

Spectrum. A method of modifying the computation to convert
the inhomogeneously broadened spectrum to a homogeneously
broadened one was given by Buch et al. (41). They used a local
averaging over a time equal to the correlation time of the fluctu-
ating environment, by averaging over the correlation time of the
local electric field. The method introduced by Buch et al. brought
the linewidth into close agreement with the experimental value,
30cm™'vs. 27 cm ™

In applying the computations to the experimental data, the
ratio for the polarizability derivative between the components
parallel and perpendicular to the OH bonds for a water molecule
is needed. In the gas phase, it is 3.1 and in ice bulk it is 5.6, deter-
mined from the ice experimental Raman spectra ratio for the
various polarizations relative to the direction of the ice crystal
unique axis (93, 94). For comparison with studies of Auer and
Skinner (34, 57) whose data were obtained from ice, the SFG
spectra were calculated with the ratio of g /a1 = 5.6 and values
for ¢ and a, (87-90) taken from gas phase data are shown in

in Table 1, columns 4 and 5, respectively. The 3,700-cm ™" peak
is weak in bulk ice, so the ice has no dangling OH. We chose
water vapor for the derivatives principally because bulk ice has
no dangling OH bands.

Auer and Skinner (57) tested one aspect of the inhomogene-
ity by replacing the integration of w(¢) in the present Eq. 32
by w(0). The results for the imaginary part of the SFG suscep-
tibility differed little from those where this approximation was
not made. These results by Auer and Skinner (57), seen in their
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figure 3, confirm that the dangling OH 3,700-cm ™" band is, in
the MD computations, inhomogeneously broadened, unlike the
experimentally observed band, and so has a computed band-
width (cf. data by many investigations in Table 2) that is much
too large.

Wang et al. (59) calculated amplitudes and their ratios of the
effective SFG spectra by designating “surface-sensitive” dangling
OH bonds on the water surface, where good ratio agreement
for ssp:ppp:sps and absolute intensities were reached in the
classical MD simulation. However, the intensities varied with
different time intervals. In the current work, the SFG intensi-
ties are derived using the classical MD simulation with OH local
mode vs. electric-field quantum correction. In the current work,
identical SFG spectra are reached by performing the calcula-
tions with 0.5-, 1-, or 2-fs time intervals in Eq. 34. So the current
calculated results improve the convergence over the earlier
work (59).

Space and coworkers (42, 43, 56) developed a time correlation
function description of sum frequency generation spectroscopy
and the method was applied to theoretically describing the sum
frequency generation spectroscopy. The integrated intensity for
the dangling OH peak for Ssp SFG in ﬁ%ure 1 of Space and
coworkers (42) was 1.2 x 107% A%.e*.K~?.cm™"', which trans-
lates into 1.3 x 107°° m*.V~2.cm™! (details of the calculation
are given in SI Appendix, section B) which is nine orders of mag-
nitude smaller than the experimental integrated intensity shown
in Table 1 (143 x 10™** m*V~2.cm™"). In part, the problem
may be due to units.

Wei and Shen et al. (3) used the fast and slow motion effects
to describe the very small sps intensity in the experimental data.
The equations, Egs. 29 and 31, were derived in the current for-
malism. From our study, where the SFG spectra are derived
by using the Fourier transform of the time correlation function
of the dipole moment and polarizability derivatives in Eq. 34,
the ratio for ssp:sps can be well reproduced using the general
equation, Eq. 34. The surface dangling OH bond distribution
functions studied by Wei and Shen et al. (3) and Wang and
coworkers (28) showed that the dangling OH bond was in the fast
motion limit. Bonn and coworkers (33) investigated the motional
effect using SFG with a broad bandwidth infrared laser and show
that the dangling OH bond was in the slow motion limit. We plan
to examine this problem elsewhere.

According to the experimental investigation in ref. 31, the
effect of the temperature on the dangling OH bond region is
small. From our results for the dangling OH stretch region,
one expects a small temperature effect for ssp SFG also. The
integrated intensity equals an ensemble-averaged product of a
molecular dipole moment derivative and polarizability deriva-
tive and is largely independent of temperature; other parts of
the spectrum will be more sensitive to changes in temperature
because of changes in hydrogen bonding arrangements.

Concluding Remarks

The absolute values and the ratios of the integrated SFG inten-
sities for the polarization combination (ssp, sps), whose SFG
susceptibilities, each described by a single term, are in reason-
able agreement with the experimental results for the integrated
intensities within a factor of 1.3 using no adjustable parameters.
Using a two-field relaxation treatment, we have derived a sum
frequency generation equation for both the line shape and abso-
lute intensity of the second-order susceptibility and also obtained
the expressions for the slow and fast limits of the orientational
motion first given by Wei and Shen (3).

We have seen (Table 1) that one common choice for the
ratio of the perpendicular and parallel polarizabilities, obtained
from data on ice, yields a poorer agreement between absolute
values for the experimental and calculated intensities than that
in the present case found using the gas phase polarizabilities,
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perhaps because bulk ice has no 3,700-cm ™" band. We have also
seen that there is good agreement between the experimental and
calculated relative intensities of the two single-term polarization
combinations, ssp and sps. The polarization combination ppp has
four terms of different and so partially canceling signs and yields,
as expected, less good agreement with the calculated value for
the integrated intensity.

As summarized in Table 2, the calculations in our work and
the investigations by other authors from different papers using
various water models, the SPC/E model, and other models can
be used to investigate the intensity and line shape of the SFG of
dangling OH for the water surface. Extracting the surface struc-
ture information can also be used to investigate the SFG (33, 59).
According to our present investigations, the motional narrow-
ing effect should be taken into account in further narrowing the
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FWHM in the calculation. Furthermore, the ssp intensity should
be much larger than the sps intensity (36, 37, 41, 61).

Data Availability. The DL_POLY2.0 program was used to calcu-
late the trajectories. All of the data obtained in the present work
are given in Figs. 1-4, Tables 1 and 2, and the main text.
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