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On the infrared fluorescence of monolayer 13CO:NaCl(100)
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Computations are presented to describe and analyze the high levels of infrared laser induced vibra-
tional excitation of a monolayer of absorbed 13CO on a NaCl(100) surface. Extending the vibrational
site-to-site surface hopping technique of Corcelli and Tully, kinetic Monte Carlo computations are
used to incorporate single-quantum vibrational pooling and depooling of the 13CO by phonon exci-
tation to allow up to the n = 45 vibrational state under different lasing conditions. Previously unpre-
dicted pooling peaks at n > 16 are calculated and, under the highest fluence conditions, pooling up to
the n = 32 state is found in the calculation. These results lead to the prediction of a secondary local
maximum in the dispersed fluorescence of monolayer CO:NaCl(100) under sufficiently high fluence
excitation conditions. At times on the order of ms, we recover similar behavior for both high and low
fluence results. The calculations confirm that, for situations where the Debye frequency limited n
domain restriction approximately holds, the vibrational state population deviates from a Boltzmann
population linearly in n, a result that we have derived earlier theoretically for a domain of n restricted
to one-phonon transfers. This theoretically understood term, linear in n, dominates the Boltzmann
term and is responsible for the inversion of the population of vibrational states, Pn. © 2013 AIP
Publishing LLC. [http://dx.doi.org/10.1063/1.4827823]

I. INTRODUCTION

Carbon monoxide (CO) on an NaCl(100) surface has
been used as a model system for surface vibrational excitation
since around 1990.1–5 Several low temperature experiments
have been conducted on monolayers and multilayers of 12CO
and 13CO, observing overtone (n + 2 → n) infrared fluores-
cence from monolayer 13CO excitation between the 2nd and
16th vibrational state5 and multilayer 13CO excitation reach-
ing the 30th vibrational state.3, 4 In the monolayer case, these
states were inferred by application of a filter (4200–3400
cm−1 transmitted) to the total integrated overtone emission,
and in the multilayer case these states were observed directly
by the collection of dispersed fluorescence.

Ewing et al.5 suggested that the mechanism for this local-
ization of vibrational energy may be the energetically favored
vibrational pooling reaction. It may be recalled that pooling
involves a transfer of a vibrational quantum from an adsorbed
molecule on one site to another represented, for example, by
|n〉 + |1〉 → |n + 1〉 + |0〉 and occurs because this transfer is
exothermic when the oscillators are anharmonic. This vibra-
tional energy transfer can in principle occur with sites further
removed than nearest-neighbors, but as a first approximation
we focus on nearest-neighbor and single vibrational quantum
exchanges.

The present formulation builds on a model of pooling
and depooling rate constants given by Corcelli and Tully for
this system and this surface.6, 7 We also use the same Kinetic
Monte Carlo (KMC) algorithm to evaluate the vibrational
population evolution.6, 7 We extend their pioneering work to
larger grid sizes (10 000 sites instead of 256), higher vibra-
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tional states (n = 45 instead of n = 15–20), and to higher
fluence laser conditions, including stimulated emission. Ad-
ditionally, we test our previous theoretical prediction of the
explicit form of the constrained vibrational population distri-
bution function.8 In it, the n-domain of a pool is restricted by
the maximum energy that can be dissipated by pooling ex-
changes exciting only single-phonons in the solid.

II. VIBRATIONAL EXCHANGE FOR MONOLAYER CO

In a resonant vibrational exchange, the vibrational energy
of the pair of neighbors is conserved in the energy transfer,
whereas in a non-resonant exchange, some of the energy ex-
cites or removes phonons from the solid. This non-resonant
case provides both a ladder-climbing mechanism for vibra-
tional excitation and a ladder-descending pathway for vibra-
tional relaxation of the energy difference in the transition.
This pooling-depooling effect is described for a vibrational
state n in the following equations:

|n〉 + |m〉 W
p
n,m−→ |n + 1〉 + |m − 1〉 , (1)

|n + 1〉 + |m − 1〉 Wd
n+1,m−1−→ |n〉 + |m〉 , (2)

where the W
p
n,m are pooling rate constants for a site in state

n receiving a single vibrational quantum of energy from a
neighboring CO site initially in state m, and the reverse re-
action is described by a depooling rate constant Wd

n+1,m−1.
We treat the effect of pooling on the time-evolution of

Pn(t), the probability of a single site being in the nth vibra-
tional state at time t, where n is the specific vibrational level
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FIG. 1. Comparison of relevant rate constants: (a) first-order rate constants of relaxation (κn), fluorescence (k�v=1
n ) and overtone fluorescence (k�v=2

n )
(b) second-order rate constants of pooling (Wp

n,m for m = 1, 10, and 20). The second-order effect of pooling to state n from an m = 1 state which requires
an additional phonon to transfer to n ≥ 10, and so W

p

10,1 ≈ 10−3W
p

9,1. As second-order rate constants, the pooling and depooling rate constants should be

multiplied by a conditional probability if one wishes to compare with the first-order rate constants, leading to units [s−1 per unit conditional probability P(m|n)],
as discussed in Appendix B.

whose time-evolution is being described. We have
∞∑

n=0

Pn = 1 (3)

noting that, in the present model, every site is occupied and
thus is in some CO vibrational state, n = 0 and upward.
Adsorption and desorption of CO are not considered, since
the experimentally observed dissociation rate is slower than
10−4 s−1 at 22 K,9 and so should not be observed on the
20 ms experimental timescale, being 6 orders of magnitude
slower.5 All simulations are at 22 K, the temperature of the
experiments.3–5

We define (dPn/dt)pd as the net rate of pooling and de-
pooling of state n with nearest neighbors. The pooling and
depooling terms are described in Eqs. (1) and (2) in terms of
the effect on a specific vibrational state n,

dPn

dt pd
=

∑
m

(Wp

n−1,m)Pn−1,m +
∑
m

(Wd
n+1,m)Pn+1,m

−
∑
m

(Wp
n,m)Pn,m −

∑
m

(Wd
n,m)Pn,m, (4)

where Pn, m denotes the joint probability that there is a site in
a vibrational state n and that there is an adjacent site having m
quanta (such that

∑
mPn, m = 4Pn, as every site has 4 neigh-

bors). Adding relaxation steps to the above, by energy loss to
the solid on which the CO is adsorbed, the vibrational state
probability evolution of a site on a CO surface is

dPn

dt pdrf
= dPn

dt p−d
− κnPn + κn+1Pn+1, (5)

where the κn denote the relaxation rate constants for transfer
of energy to multiphonons in the solid. The formulae for the
relevant rate constants are given in Appendix A. A compari-
son of the resulting rate constants of pooling, depooling, and
relaxation along with fluorescence and overtone fluorescence
is given for many n’s in Figs. 1(a) and 1(b).

These equations are used for 1 < n < 45, with a clo-
sure introduced into the equation for n = 45 in Eq. (4) by
making transfer to P46 impossible (P46 = 0). The vibrational
populations Pn(t) can then be obtained by kinetic Monte Carlo
integration10 of all possible rates, as discussed by Corcelli and
Tully7 and references cited therein, using site-to-site surface
hopping methods for the energy transfer.

To allow the intensity of incoming light to be treated
explicitly, we added to the KMC code terms containing the
absorption coefficient kabs, l, the Einstein coefficient for each
laser, to (dPn/dt)pdrf in Eq. (5). We considered only single-
photon excitations from n = 0 to the n = 1 state,

dP0

dt
= −kabs,l(P0 − P1) + dP0

dt pdrf
, (6)

dP1

dt
= kabs,l(P0 − P1) + dP1

dt pdrf
, (7)

where the (dPn/dt)pdrf are calculated as in Eq. (5) above,
and kabs, Mono = Iσ /(¯ω) is calculated to be 9 × 104 s−1 for
monolayer laser conditions, 25 μJ in 5 μs, σ = 3 × 10−17

cm2 molecule−1.5 To examine populations under lasing by
higher fluence sources, we also examined excitation by the
CLIO Free Electron Laser by following a single averaged
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macropulse, kabs,CLIO = 5 × 107 s−1, from 20 mJ in 8 μs.11

We note that, for higher fluence lasers, one must include both
stimulated absorption and emission.

Given that the rate of overtone fluorescence is slower than
the energy transfer from the n state to multiplephonons in the
solid, the total overtone fluorescence intensity at time t, I(t),
is given by

I (t) = Nsim

A

∑
n

k�v=2
f Pn(t) =

∑
n

In(t), (8)

where In(t) = (Nsim/A)k�v=2
f Pn(t) and there are Nsim = 104

sites per trajectory, representing a surface area A = 1.57
× 10−11 cm2 as in Corcelli and Tully.6 Resonant diffusion
out of the illuminated spot is not considered.

The total dispersed overtone fluorescence, S(ω), is ob-
tained by integration of the fluorescence intensity over a time
τ i, the overtone fluorescence lines summed over all wave-
lengths

S(ω) =
45∑

n=2

Ln

∫ τi

0
In(t)dt (9)

with the integrals approximated trapezoidally given Pn(t) and
t from the program output up to integration time τ i. The times
τ i are chosen to represent different length fluorescence col-
lection experiments. Ln is the line shape, approximated for
each line as a normalized Gaussian with FWHM 10 cm−1.
This lineshape is preferred over the Lorentzian by a fit to the
experimental dispersed overtone fluorescence emission from
multilayers of CO on NaCl(100), for each overtone line, at the
same temperature as the monolayer experiment.3, 12 Snapshots
of Eq. (9) are also given.

We study the 13CO monolayer rather than a 12CO system
following the experimental work of Ewing et al.3–5 and the
simulation of Corcelli and Tully.6, 7 This isotope was chosen
for the experiments to enhance the overlap of its fundamental
frequency with the 12CO gas laser emission.13

Following Corcelli and Tully,6, 7 the relaxation rate con-
stants (κn) are found by introducing a system-bath coupling
scale parameter λ which multiplies the Debye density of states
as a rough estimate of the strength of coupling between sur-
face oscillators and bath, and fixed such that the experimen-
tally observed total overtone fluorescence lifetime (4.3 ms)
is recovered under monolayer conditions. We find a single ex-
ponential decay matching the experimental observations, as in
Fig. 2, for λ = 0.470, close to the value of Corcelli and Tully
(λCT = 0.522), and similar relaxation rates of κ1 = 6.7 s−1

compared to 5.7 s−1 in the previous simulation. We find dif-
ferent rates in the present calculation primarily because we
use the experimental decay of overtone fluorescence to fix
the calculated effective decay rate of overtone fluorescence,
whereas the previous simulation appears to have matched the
computed fundamental fluorescence decay to the experimen-
tal overtone fluorescence results.5–7

III. KINETIC MONTE CARLO RESULTS

We first analyze the total overtone fluorescence in
Fig. 2 which has been fit via the system-bath coupling pa-
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FIG. 2. The total overtone fluorescence decay (circles computed) matches
experiment (solid single exponential, I(t) = I(0)exp(− t/τ ), with time constant
τ = 4.3 ms).

rameter λ. The calculated vibrational populations at the end
of each laser-on period and 1 ms thereafter are compared in
Figs. 3 and 4, respectively. We confirm that for the monolayer,
the overtone fluorescence results primarily from n = 8 to 10,
as previously calculated.6, 7

We also confirm in the computations the theoretically
predicted distribution function derived in another work,8 as
in Fig. 5. Shown is the deviation that is linear in n, a deviation
from the Boltzmann distribution across the one-phonon do-
main restricted regime, with slope γ = 131. We discuss this
result further in Sec. IV.

The signal calculated in Figs. 6 and 7 is given in to-
tal photons cm−2. The signal in Fig. 8 is integrated over
a short time relative to the full time of simulation. These
times are effectively snapshots since the small timescale of
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FIG. 3. The vibrational population 6 μs following beginning of pulse (near
end of lasing).
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FIG. 4. The vibrational population 1 ms following the beginning of lasing.

the observation is ms. The timescale of the snapshot is var-
ied between simulations, but the integration is not converged:
since fluorescence is ongoing from changing populations, the
timescales of integration are representative of experimental
binning effects, given fixed bin sizes for collecting fluores-
cence ranging from ≈1−10 μs.

To understand further the evolution of the vibrational ex-
citation of the CO molecules on the surface, we have exam-
ined representative snapshots from a single trajectory at the
end of the first laser pulse and 1 ms thereafter in the high en-
ergy case in Fig. 9.

The results for the Pn(t) are robust to grid size, since 10
trajectories on a 100 × 100 surface give results for the Pn(t)
that are indistinguishable from those obtained from 1 trajec-
tory on a 300 × 300 grid after 1 ms for monolayer excitation
conditions. The two sets of trajectories have roughly the same
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FIG. 5. The fit of the computed results to the theory-based expression per-
mits the evaluation of statistical parameter γ = 131, from the slope of the
linear fit on the restricted n domain. A typical result for Pn at the conclu-
sion of monolayer excitation is displayed, although this γ is representative of
those where the restricted n-domain assumption holds.

implied maximum resolution in Pn(t), namely, N−1
trajN

−1
sites

= 10−5 vs. (1/9) × 10−4. The results are also robust with re-
spect to variation of the resonant transfer rate constant, which
is reduced by three orders of magnitude to realize similar
order gains in computational time. Increasing the resonant
rate constant by two orders of magnitude showed no notice-
able change in the results for the Pn distribution obtained

FIG. 6. The theoretical dispersed fluorescence (assuming perfect collection efficiency) for a monolayer under the experimental monolayer lasing conditions
(kabs = 9 × 104 s−1), integrated over a (a) 1 ms and (b) 20 ms period after the beginning of lasing.5 The temporal integration was calculated trapezoidally from
Pn(t) at 79 time points spread equally over the length of calculation.
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FIG. 7. The theoretical dispersed fluorescence (assuming perfect collection efficiency) after (a) 1 ms and (b) 8 ms following CLIO excitation of a monolayer
(averaged over a macropulse for the highest fluence currently available at that wavelength, kabs,CLIO = 5 × 107s−1 for 8 μs, or 20 mJ). We note that, in (a),
the appearance of a tiny higher n shoulder around n = 22 (which is even more pronounced as a relative peak at shorter times, not shown), but that the signal on
the ms timescale is overwhelmed by fluorescence from lower n and the distribution becomes the same as that for the monolayer under continued observation.

for monolayer fluence conditions calculated at 1 ms, except
for the significant additional computational time, as seen in
Table I.

IV. DISCUSSION

The present computational results agree with those in the
previous simulation6, 7 on this CO/NaCl(100) surface in find-
ing a vibrational pooling peak around the n = 10 state on the
ms timescale. The monolayer excitation condition in Figs. 3
and 4 can be compared directly with Figs. 3(a) and 3(b) in
Ref. 7, finding the peak around n = 10 and similar trends on
both sides of the peak.

We have described in a previous paper,8 a statistical the-
ory of the distribution function under conditions of relatively
low excitation, based on the condition imposed by one quan-
tum assisted emission in pooling, limited by the Debye fre-
quency, ¯ωD of the solid. The distribution function as derived
in Ref. 8 is given by

Pn(t) = mn(t)

M(t)
= eγ (t)n− εn

kT∑
n eγ (t)n− εn

kT

. (10)

In this approximation, while in the domain of change of n by
energy transfer accompanied by one-phonon pooling, the Pn

are primarily constrained in the interval [0, 10]. Clearly this

FIG. 8. Snapshots of the theoretical dispersed fluorescence for a monolayer under the experimental monolayer lasing conditions (kabs = 9 × 104 s−1). The
snapshots given are (a) 1 μs between 77 and 78 μs following beginning of excitation and (b) 12.7 μs period ending 1 ms after the beginning of lasing,
representative of the difference in results at different temporal resolutions of collection.
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FIG. 9. The vibrational population of the surface for a single trajectory at
the conclusion of a CLIO FEL pulse (figure (a), 8 μs excitation) and 1 ms
thereafter (figure (b), kabs,CLIO = 5 × 107s−1 for 8 μs excitation for both).
For (a), the legend is: n = 0-black, 10-red, 20-orange, 25-yellow, 32-white,
highest level. For (b) n = 0-black, 5-red, 10-yellow, 12-white, highest level.

constraint on n does not hold for the CLIO excitation at short
times, as in Fig. 3, but by 1 ms the assumption appears to hold
reasonably well for both lasing conditions, as in Fig. 4. As a
result, we are able to confirm in Fig. 5 that the constrained sta-
tistical theory described in a previous paper8 is in agreement
with the presently calculated dependence on n. The systematic
deviation from the Boltzmann expectation with n is as theo-
retically expected in Eq. (10):8 γ is the slope of Fn = ln(Pn)
+ En/kT, vs. n, the vibrational state. If there is no component
of the Free Energy (Fn) which is dependent on n, then there
should not be a dependence.

Using higher laser fluences than before and examining
populations during the duration of lasing, we have found sub-
stantial populations of many n > 16 states, as in Fig. 3, in-
cluding evidence of strong inversion near the n = 22 state
(3.5 × 1010 photons cm−2 after 1 ms of collection, as in
Fig. 7). By extending earlier work to higher intensities, these
high lying states have been calculated to exist in significant
populations on this surface, and they result from the complex
interplay of rates, some of which are given in Fig. 1. Exper-
imentally, levels as high as the n = 26 state were inferred to
have been observed in the dispersed fluorescence of multilay-
ers of 13C18O.3 The extent of the observability of higher states
experimentally depends on the temporal resolution of the ap-
paratus. To our knowledge there have been no further exper-
iments on the CO:NaCl(100) system since 1990, and none
with a higher fluence free electron laser source of the sort de-
scribed here.

As seen in Figs. 6 and 7 after 1 ms following excitation,
the distribution is more narrowly peaked around an n = 10
maximum at lower fluences, and becomes broader and peaked
around slightly higher values at higher fluences. Over time,
the evolution of pools by relaxation leads to a characteristic
dispersed fluorescence signature, calculated by Eq. (9).

TABLE I. The calculation times and results for a single trajectory on a 100
× 100 grid with three different resonant rate conditions 1 ms following mono-
layer excitation. They each have relative peaks at n = 10, not shown.

Resonant rate factor Computational time (min.) P10(1 ms)

1/1000 9 0.0196
1/100 91 0.0206
1/10 1179 0.0182

While the results show pronounced maxima based on
the effect of the single-phonon Debye cutoff (peaks around
n = 10, 19, and 27 in the figures), the results including two-
phonon assisted rates were indistinguishable from those in-
cluding only single-phonon transfers. This is not surprising,
since the two-phonon rates are expected to be significantly
slower, as in Fig. 1. We have since derived a more general
treatment, no longer restricted to Debye solids. It and its ap-
plication will be submitted for publication.

The rate constants are given in Appendix A, but it may
be instructive to recognize that the rate constant for reso-
nant and non-resonant pooling is similar to that for Förster
transfer,14 one an electronic transition dipole and the other a
vibrational transition dipole. For instance, one expects the R
dependence of the resonant transfer rates in the present theory
to be the same as Forster transfer, observable at lower surface
coverages.

One can also reflect on what can be learned about the gen-
eral problem of energy transfer, with the vibrational pool as an
example of a dynamic bottleneck. Whether such a bottleneck
results in single or stretched exponential kinetics depends on
the timescale of the relaxation relative to equilibration: if the
excitations last a long time relative to heat-bath-coupled trans-
fer processes, they will reach equilibrium and single exponen-
tial kinetics will be observed. Such a conclusion is not unique
to vibrational pooling, as the trapping in dye-sensitized solar
cells shows such a transition from single to multiple expo-
nential kinetics depending on the concentration of passivating
I2.15

For all the systems with high levels of excitation, as in
Fig. 9, one notices immediately a checkerboard pattern as a
result of competition between different sites for the accumu-
lation of quanta. When excitation levels are somewhat lower,
as in the snapshots 1 ms following excitation, this competi-
tion is limited to single-phonon-assisted transfer rates, which
are much faster than multi-phonon-assisted transfer. This pat-
tern is identified as an anti-correlation between pooling peak
states (n > 1, but typically n = 8, 9, or 10) or correlations
between peaks and vacancies, and it occurs within 2 μs af-
ter excitation, remaining anti correlated throughout all of our
simulations, as long as the pool states exist (four orders of
magnitude in time). As a result, the mean-field approxima-
tion of the master equation is not expected to give accurate
results.

We include stimulated emission in these calculations
for the first time. We suggest that the previous experi-
ments could not measure fluorescence (instead measuring the
overtone) because of the overwhelming stimulated emission
signal during lasing. While arising from the much faster
stimulated emission process (kabs = 9 × 104 s−1), the pho-
tons collected would be indistinguishable from fluorescence
(k�v=1

f = 11.4 s−1). This effect also adds many more Monte
Carlo steps to the calculation at the higher lasing fluence,
more than doubling the computational time required.

It may appear at first unusual that, over time, the popu-
lations excited by higher intensity lasers relax to similar dis-
tributions as those at lower fluence light, since three orders
of magnitude of fluence are spanned. This calculated result
may be the signature of a constrained statistical behavior in a
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physically based vibrational energy distribution, as explored
theoretically in a previous paper.8

V. CONCLUSIONS

In the present model, vibrational pooling leads to the ac-
cumulation of vibrational energy in 13CO on NaCl(100). The
model suggests substantial vibrational population inversion
under existing laser conditions.

Importantly, the calculation supports the constrained
vibrational population distribution recently derived theoreti-
cally for monolayers of high-frequency vibrations at solid sur-
faces where the assumptions of the model hold.8 Further theo-
retical characterization of this high fluence regime, where the
previous theoretical assumptions fail, is the topic of a forth-
coming work.16

The following experimentally testable predictions are
also made:

1. States as high as n = 32 may be excited with currently
available laser conditions (1.5 × 104 photons cm−2

7–8 μs following lasing under CLIO FEL conditions),
although the continued brightness of the n ≈ 10 pooled
states through the ms timescale (4 × 1011 photons cm−2

after 8 ms as in Fig. 7(b) may restrict the observability
of these higher states by dispersed fluorescence.

2. In addition to the inverted distribution with a peak at
n = 10 persisting to 20 ms, there is predicted to be a sec-
ond inverted peak in the dispersed overtone fluorescence
expected to appear around n = 22, 2 × 109 photons
cm−2 after 1 ms of continuous collection, as in Fig. 7,
when the absorbed laser fluence prior to relaxation life-
time is increased to Free Electron Laser intensity.
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APPENDIX A: RATE CONSTANTS

We use the relaxation rate expression from Corcelli and
Tully:7

κn =
∞∑

p=1

fpIp

ωnp!
|〈n|x|n − 1〉|2

[
n

(
ωn

p

)
+ 1

]p

, (A1)

fp = (−1)p(2p+1 − 2)D′α′p+1 mO

MCO

)
, (A2)

Ip = λp ωn

ωD

√
75π

p
exp

[
−

(
75

4p

)(
ωn

ωD

− 4p

5

)2
]

, (A3)

n(ω) = (e
ω
kT − 1)−1, (A4)

where p is the order of phonon excitation of the solid and λ is
the only free parameter (in Eq. (8)). We note two slight typos

in Ip in the original work have been identified (compared to
Ref. 7), but there was no corresponding typo in the program.
The remaining quantities are the temperature of the solid
(22 K), the Debye cutoff ωD = 223 cm−1,7 the energy lev-
els of the CO Morse oscillator ωn, the mass of oxygen
mO = 16 amu, the total mass of CO, mCO = 29 amu, and
the properties of the Morse coupling of the CO to the NaCl,
the binding energy D′ = 0.168 eV and α′ = 0.816 Å−1.7

To calculate the vibrational pooling rate constants, W
p
n,m

we use6, 7

Wp
m,n =

∞∑
p=1

2πp!2pg2
p|〈n|x|n − 1〉|2

×|〈m|x|m + 1〉|2
⎡
⎣n

(
ωn,m

p

)
+ 1

MNa

⎤
⎦

p

Hp, (A5)

gp = (−1)p μ′2(p+1)(p+2)

2R
p+3
0

, (A6)

Hp =
∫ ∞

0
dω1 · · ·

∫ ∞

0
dωp

ρ(ω1)

ω1
· · · ρ(ωp)

ωp

× δ(ωm,n − ω1 − · · · − ωp), (A7)

noting that depooling rates W
p
m,n = Wd

m+1,n−1e
βωn,m are also

known immediately by detailed balance. Besides p, the num-
ber of phonons of the solid needed to mediate the transfer,
the other parameters are: the energy dissipated by the pooling
ωm, n = ωn − ωm + 1, the site-to-site distance between nearest
neighbor CO molecules R0 = 3.96 Å, the mass of the Na+ ion
MNa = 23 amu, and the normalized phonon density of states
ρ = 3ω2/ω3

D for ω < ωD = 223 cm−1, for a Debye solid.6, 7

The k�n=i
n , fluorescence rate constant for a CO with n

vibrational energy quanta, are obtained from the standard
relations:17

k�n=1
n = 16π3ω3

nμ
′2

3ε0hc3
|〈n|x|n − 1〉|2, (A8)

k�n=2
n = 16π3ω3

n�2μ
′2

3ε0hc3
|〈n|x|n − 2〉|2, (A9)

where ωn�2 is the frequency of the n to n-2 overtone fluores-
cence, μ′ is the coefficient in the transition dipole moment,
dμ(x)/dx|x = 0 (1.8D/Å in the case of 13CO),7 and the matrix
elements can be evaluated, for example, in a Morse oscillator
basis. Following Gallas,18 the dipole operator matrix elements
for the Morse oscillator eigenstates are given by

〈n|x|n − 1〉 = 1
a(k−2n)

(
n(k−2n−1)(k−2n+1)

(k−n)

)1/2
, (A10)

〈n|x|n − 2〉 = −1

2a(k − 2n + 1)

(
n(n−1)(k−2n−1)(k−2n+3)

(k−n+1)(k−n)

)1/2
,

(A11)

where the Morse constants are a = 2.209 Å−1 and
D = 12.3 eV and k = ωe/ωeχ e = 185, ωe = 2130 cm−1

is the fundamental frequency of the Morse oscillator and
ωeχ e = 11.50 cm−1 is the anharmonicity (such that
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ω2 = 2084 cm−1). The resulting overtone fluorescence rate
constants range from k�n=2

2 = 0.239 s−1 to k�n=2
44 = 60.2 s−1.

The fundamental fluorescence rate constants range from
k�n=1

1 = 11.6 s−1 to k�n=1
26 = 135 s−1.

APPENDIX B: UNITS

To connect with units traditionally used in chemical ki-
netics, we describe the population evolution equations below,
adapting (dPn/dt)pdrf in Eq. (5) to more familiar units. Let
Mn be the number of sites that have n quanta. We then have
Pn = Mn/M. Let P(m|n) be the conditional probability, in par-
ticular the probability that given a site with n quanta, there is
an adjacent site with m quanta. So in Eq. (5) we replace the
Pn, m’s with PnP(m|n)’s. The Pn’s replace the normal concen-
trations cn in kinetics,

dPn

dt pd
=

∑
m

(
W

p

n−1,m

)
Pn−1P (m|n − 1)

+
∑
m

(
Wd

n+1,m

)
P (m|n + 1)Pn+1

−
∑
m

(
Wp

n,m

)
P (m|n)Pn −

∑
m

(
Wd

n,m

)
P (m|n)Pn.

(B1)

As a result, the units of the second-order rates are tech-
nically per conditional probability of an m neighbor, given an
n-site under consideration.
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